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Abstract. Metronomes placed on a smoothly rotating disk are used for
exemplifying order-disorder type phase-transitions. The ordered phase
corresponds to spontaneously synchronized beats, while the disordered
state is when the metronomes swing in unsynchronized manner. Using
a given metronome ensemble, we propose several methods for switching
between ordered and disordered states. The system is studied by con-
trolled experiments and a realistic model. The model reproduces the
experimental results, and allows to study large ensembles with good
statistics. Finite-size effects and the increased fluctuation in the vicin-
ity of the phase-transition point are also successfully reproduced.

1 Introduction

Synchronization of interacting clocks is a fascinating and pedagogical example for
order-disorder type phase-transitions. The phenomenon is interesting in many other
aspects as well, offering an affordable pedagogical tool for discussing and exemplifying
interesting topics in statistical physics. It can be used for illustrating the Kuramoto
type order-disorder phase transition [1], to study finite size effects in the vicinity of
the phase-transition point, for discussing issues related to dynamical systems or even
the second law of thermodynamics.

Huygens’ [2] observation on the strange sympathy of pendulum clocks coupled
through a common suspension beam is seemingly the first recorded document on
this emerging collective behavior. Many recent studies have aimed at reconsidering in
various forms Huygens’ two pendulum-clock experiment as well as realistically mod-
eling the system. After more than three centuries, Huygens’ experiment was reconsid-
ered by Bennet et al. [3]. They investigated the same two pendulum-clock system as
Huygens did, with a few modifications: changed the supporting mechanism, worked
with newer clocks and increased precision. Bennet et al. came to many interesting
conclusions, observing that several types of collective dynamics are possible, depend-
ing on the system’s parameters. Synchronization occurs, if the difference between the
natural frequencies of the clocks is small enough, and it occurs always as anti-phase
synchronization. For strong coupling, a “beat death” phenomenon occurs when one
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pendulum keeps to oscillate and the other stops. For weak coupling a quasi periodic
oscillation can be observed, but synchronization does not occur. Bennet et al. also
found, that anti-phase synchronization occurs just when the difference between the
clocks natural frequencies is below dw < 0.0009 Hz which means that the difference
in the pendulums rods’ length must be 6l < 0.02mm, a precision which was quite
hard to achieve in Huygens time, according to Bennet et al. [3]. Hence, they attribute
Huygens’ observation to “talent and luck”.

Kumon and his group [4] studied a similar system consisting of two pendulums,
one of them having an excitation mechanism, and the two pendulums being coupled
by a weak spring. Fradkov and Andrievsky [5] developed a model for such a system,
and obtained from numerical solutions that both in- and anti-phase synchronizations
are possible, depending on the system parameters and initial conditions.

The most complete analysis for Huygens’ clocks experiment was made by
Kapitaniak et al. who summarized their findings in a review article [6]. By revis-
iting the same experiment [7,8| they confirmed that usually the anti-phase synchro-
nization emerges, while in-phase synchronization is possible only in some rare cases.
They developed also a more realistic model which reproduced well the experimental
results [7,8].

Due to the fact that mechanical pendulum clocks are quite expensive and hard to
be found, nowadays instead of pendulum clocks such experiments are performed by
using the more affordable metronomes. Panteleone [9] proposed a simple mechanical
setup in such sense by using two metronomes placed on a light and easily movable
platform. In his experiment synchronization could be observed acoustically (recording
the metronomes beats) or visually by following the metronomes’ pendulums. Pantale-
one found that for metronomes that had small differences in their natural frequencies,
synchronization emerged in a time interval of the order of tens of seconds indepen-
dently of the initial conditions. It is important to remark that contrary to the previous
studies on pendulum clock systems, consistently Pantaleone found just in-phase syn-
chronization for the metronomes. In his work, he mentions also a few exceptions, but
these exceptions were seeming unrepeatable with his simple experimental setup. He
also found that for larger frequency differences between the oscillators natural fre-
quencies synchronization does not occur. This result is consistent with the findings
of the Kuramoto model, since the model indicates that the critical coupling strength
above which synchronization emerges is linearly dependent on the standard deviation
of the oscillators natural frequencies.

Pantaleone derived also approximate equations of motions for the time-evolution
of the metronome ensemble. In his model the challenge was, to properly model the
damping and escapement mechanism of the metronomes. Pantaleone did this by us-
ing van der Pol oscillators [10]. In the discussion section of his paper he suggested
that extending the model to a multi-metronome system would provide additional op-
portunities in observing many interesting behavior. Ulrichs et al. [11], successfully
realized this extension and studied numerically the behavior of up to 100, globally
coupled units. They reported that the Kuramoto-type order-disorder phase-transition
is observable in their system as well and confirmed the absence of anti-phase synchro-
nization in the model.

Very recently our group reconsidered the metronome synchronization problem ex-
perimentally and through computer simulations of a realistic model [12]. Metronomes
were placed on the perimeter of a smoothly rotating disk, and photoelectric sensors
were mounted within the metronomes in order to monitor their phases. This ex-
perimental setup revealed how synchronization emerges, and also proved that such
systems exhibit order-disorder type phase transitions. The rotating platform induced
a global coupling between the metronomes, and the strength of the interaction be-
tween the metronomes was varied by rotating the metronomes swinging plane relative
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Fig. 1. Experimental setup: metronomes are placed on the perimeter of a disk that can
rotate around a vertical axes.

to the radial direction on the disk. As a function of the rotating angle a transition
from spontaneously synchronized to unsynchronized state was observable [13]. By
varying the metronomes number on the disk finite-size effects in the vicinity of a
phase-transition point were studied. In agreement with all previous studies consid-
ered in metronome systems, only in-phase synchronization was found.

In the present study we continue to investigate the coupled metronome system
suggesting other feasible methods for realizing the order-disorder type phase transi-
tion. For the sake of completeness we summarize our earlier experimental results and
present new results in context of these. Experimental results will be compared with
numerical results obtained on a realistic model.

2 Experiments

The experimental setup is shown in Fig. 1. Metronomes are placed on the perimeter
of a smoothly rotating disk. The rhythm of the metronomes are given by a physical
pendulum, which consists of a rod with two weights on it (Fig. 2): a fixed one at the
lower end of the rod denoted by W; and a movable one W5, attached to the upper
part of the rod (W; > Ws). This physical pendulum oscillates around a horizontal
suspension axes. By sliding the W5 weight on the rod, the oscillation frequency can be
tuned. There are several marked places on the rod where the W5 weight has a stable
position, yielding standard ticking frequencies for the metronome. These frequencies
are marked on the metronome in the units: Beats Per Minute (BPM). The exciting
mechanism of the metronomes is built in the box and has the aim to compensate
the energy of the pendulum lost by frictions. This mechanism delivers pulses to the
physical pendulum at a given phase of the oscillation period [7].

For the experiments we selected seven Thomann 330 metronomes, so that their
standard ticking frequencies be as similar as possible. Since there are no two iden-
tical units, we still had a non-zero standard deviation of their natural frequencies.
In some of the experiments we used all metronomes, and in some experiments we



652 The European Physical Journal Special Topics

W,

Fig. 2. Schematic view of the metronomes’ bob. The dotted line denotes the horizontal
suspension axes, and the white dot illustrates the center of mass.

worked with only six or even four of them (reducing further the standard deviation
of their frequencies). Photo-cell detectors were mounted inside them, allowing to sep-
arately detect the phase of each pendulum. The photo-cells were connected with a
circuit board, allowing data collection through the USB port of a computer. From
the collected data the classical, r, Kuramoto [1] order parameter was computed:

rexp(i¥) = % Z exp(if3;). (1)

Here ¥ is an average phase of the whole ensemble, (3; is the phase of the j-th
metronome, N is the number of metronomes, and i is the imaginary unit. This or-
der parameter is justified and captures the level of synchrony in the system since
we never observed states where two synchronized clusters of metronomes are in anti-
phase synchrony with each other. Characterizing such states would require a more
complex order parameter. More details about the experimental method are given in
our previous work [12].

Initially we monitored separately each metronome, and recorded their natural
frequency for all the standardly marked rhythms. From these values the standard
deviation of the metronomes’ natural frequencies could be determined.

We have to emphasize from the beginning, that independently of the chosen initial
condition, only in-phase synchronization of the metronomes was observed.

For illustrating the order-disorder type phase transition in this system three dif-
ferent kind of experiments were performed. These experiments are conceived in such
manner that in a direct or indirect manner the coupling strength x between the
metronomes are controlled. By doing this we plan to show the Kuramoto-type phase
transition [1], where one expects no synchronization (r = 0 for an infinite system or

r o< 1/v/N) for k < k. and some level of synchrony (r > 0) for £ > k..
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Table 1. Standard deviation of the experimentally used seven metronomes for different
nominal frequencies.

w(BPM) 160 | 168 | 176 | 184 | 192 | 208
o (BPM-1077) | 84 |79 | 7.8 | 98 | 85 | 87

0.9— : ‘ ,
0.8 e .
0.71 .

0.6 .~ i

. ! . ! ‘ ! ‘ ! .
O'?60 170 180 190 200 210

o (BPM)
Fig. 3. Experimental results for the Kuramoto order parameter as a function of the nominal

frequencies of the metronomes. Experiments performed with seven metronomes and for each
frequency the results are averaged on 10 independent measurements.

Here k. is the critical coupling value, which depends on the standard deviation
of the coupled oscillators natural frequencies. Due to the fact we deal with finite sys-
tems, instead of a sharp transition a broader transition region should be observed.
Our experiments will focus on detecting this smooth change in the order parameter,
as the coupling strength between the metronomes is varied.

In the first set of experiments the coupling strength between the metronomes
was varied by changing the metronomes nominal ticking frequencies. By increasing
the metronomes ticking frequencies we expect to increase the coupling between them,
since in unit time more momentum is given to the rotating disk, which couples the
metronomes pendulum. We fixed all the metronomes’ frequencies on the same marked
value and placed them symmetrically on the perimeter of the rotating platform. Nat-
urally, this does not mean that their frequencies were exactly the same, since no two
real macroscopic physical systems can be exactly identical. The standard deviations
of the natural frequencies of the non-coupled, independent oscillators is indicated in
Table 1. For each nominal frequency value we made 10 measurements, collecting data
for 10 minutes. The averaged value of the computed Kuramoto order parameter is
plotted on Fig. 3.

The experimental results suggest that by increasing the metronomes’ natural
frequencies, the degree of the obtained synchronization level increases. This is in
agreement with our expectations and the results of the Kuramoto model. Since there
is no clear trend in the standard deviation of the uncoupled metronomes natural fre-
quencies as a function of w, the observed effect is not due to a decreasing trend of
the metronomes’ standard deviation. It is interesting to note however, that if one in-
spects only visually or auditory the system, he/she would observe no synchronization
for frequencies already below 184 BPM. This means that we are not suited to detect
partial synchronization with an order parameter below r = 0.75.
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Fig. 4. Experimental results for the Kuramoto order parameter for different rotational
angles of the metronomes on the disk. Different symbols correspond to different metronome
number on the disk, as indicated in the legend.

In the second set of experiments we fixed the nominal frequency of the metro-
nomes to 192 BPM and controlled the coupling between the metronomes by rotating
the metronomes orientation on the disk. By doing this, one will change the orienta-
tion of the swinging plane of the physical pendulum and will modify the tangential
component of the pulses given on the exciting mechanism. One can easily realize,
that the coupling will be maximal if the rotation angle is « = 0 or @ = 180 (pulses
are tangential), and there will be no coupling for & = 90 (tangential component of
the pulses is zero). In order to control the rotation angles, a, of the metronomes we
mounted a needle on their bottom, perpendicular to the bob’s swinging plane. In
these experiments we used 2 to 6 metronomes evenly spread on the perimeter of the
disk and for each of them we marked with red lines well-defined a angles, ranging
from 0° to 90° with a step of 15°. Results for the Kuramoto order parameter as a
function of the rotation angle « are plotted on Fig. 4.

The results suggest an order-disorder type phase-transition around a =~ 50°. The
transition from the partially synchronized state to an unsynchronized one appears as
a result of the decreased coupling strength. In agreement with the expected finite-
size effects, by increasing the metronomes number on the disk, sharper and sharper
transition curves are observable.

In the third experiment we varied the metronomes distance relative to the
center of the disk. By doing this we change both the total moment of inertia relative
to the rotational axes and the torque of the reaction forces of the driving mechanism.
Both quantities are decreased as we approach the rotational axes. Decreasing the mo-
ment of inertia would lead to an increase in oscillation amplitudes of the disk, thus
better coupling between the metronomes. Contrarily to this the decrease of the torque
would directly lower the coupling between the metronomes. Experiments show how-
ever that this later effect is stronger, and by approaching the metronomes to the axes
of the disk, the order parameter decreases. Experimental results for 4 metronomes
are plotted in Fig. 5. Unfortunately by this method one cannot reduce the coupling
to zero, since metronomes cannot be placed arbitrarily close to the center of the disk.
Also, due to the fact that the above indicated two effects has an opposite trend on
the order parameter, we obtain a rather small change in the synchronization level, as
it is illustrated in Fig. 5.
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Fig. 5. Experimental results for the Kuramoto order parameter as a function of the
metronomes distance R from the center of the disk. Results obtained with 4 metronomes
and averaged on 10 independent experiments.

3 Theoretical model

Starting from the approach described in [7], it is possible to consider a realistic model
for the coupled metronome system. In this model we represent the metronomes with
a rigid box containing a physical pendulum in it. These boxes are placed on the
perimeter of the disk, so that the swinging plane of the metronome forms an angle of
90° — a with the radial direction on the disk (Fig. 6).

In the Reference frame of the Earth, the Lagrangian for such a system of physical
pendulums and rotating disk without damping and driving forces writes as:

N
L= %(152 + ; %{ [%(wl cosa; + h; sir19i)}2 + [%(wz sinozi)}2 + [%(hi cosHi)r}
N2 N
+> ot > " mighi(1 — cost;). (2)
i=1 i=1

The first term is the kinetic energy of the platform, the second one is the total kinetic
energy for all pendulum’s centre of masses, the third one is the total rotational kinetic
energy of the pendulums around their centre of masses, while the last term is the
total gravitational potential energy of all pendulum’s center of masses. The following
notations are used: the index i labels the pendulums, J is the moment of inertia of
the platform with the metronomes on it — taken relative to the vertical rotation axis
passing the center of the platform (J = Jy + N - M R?, where Jy is the moment of
inertia of the disk alone and M is the mass of the metronomes boxes and driving
mechanism), ¢ is the angular displacement of the platform, m; is the total mass of

the pendulum i (m; = Wl(l) + WQZ), and we neglect the mass of the pendulum’s
rod), x; is the horizontal displacement of the pendulum’s suspension point due to the
rotation of the platform, « is the orientation of the metronomes swinging plane, h;
is the distance between the pendulum’s suspension point and their centre of mass, 6;
is the displacement angle of the i-th pendulum relative to the vertical direction, J;
is the moment of inertia of the pendulum relative to its centre of mass and w; is the
angular velocity for the rotation of the pendulum relative to its centre of mass.

We assume, that the distance between the centre of mass of the metronome’s
box and the centre of the disk is R, and this value remains constant, independently
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Fig. 6. (Top figure) schematic view and notations for the considered mechanical model.
The white dot denotes the centre of mass of the physical pendulums and the grey dot is the
suspension axis. (Bottom figure) a view from the top of the system with two metronomes,
(boxes represents the metronomes), the black point inside the box is the centre of mass of
the metronomes, and the yellow line inside the boxes are the pendulums swinging plane.

of ;. (Please note, that the centre of mass of the metronome is not in the pendulums
swinging plane. The heaviest part of the system is the driving mechanism, and in our
simple model we assume that the position of this part remains unchanged when we
rotate the metronome with an « angle.) One can immediately realize that x; = r;¢,
where r; = R+ s;-cosa and s; is the distance between the pendulums swinging plane
and the center of mass of the metronome. Also, it is obvious that w; = 6;. We assume,
that the mass of all the weights suspended on the bobs are the same (Wl(z) = wy,
Wz(l) = wo, and consequently m; = m), and consider also «; = «. Neglecting the
m;gh; constant terms, one obtains:

I — (%mRz)d)? + Z <mThf + %)012 + mrq.bcosaZhiéi cos ;

K3

+mg Z h;cos@;. (3)
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The Euler-Lagrange equations of motion yields:

(J + NmR*)¢ + mr cos(a) Z hil0; cos 0; — 62 sin6;] = 0 (4)

[mh? + J;)0; + mr cos(a)ph; cos 0; + mgh, sin 6; = 0. (5)

These equations are for an ideal conservative system, where frictions and excitations
are absent. Friction and excitation terms are added thus separately, and finally one
obtains:

(J + NmR?)$ + mr cos(a) Z hilf; cos 0; — 62 sin 6;] + c4¢ + cos(a) Z M, =0

7

(mh? + Ji)éi + mr cos(oz)éhi cos 0; + mgh; sinb; + cob; = M. (6)

cg and cy are friction coefficients for the rotation of the platform and pendulums,
respectively. M; and M are instantaneous excitation terms with the form

M; = M3(6;)6;,

, (7)

M; =M, -r- K
where § denotes the Dirac function and M is a fixed parameter characterizing the
driving mechanism of the metronomes and K is a constant. The value of M was
obtained by taking into account the fact that the reaction force produces a torque
which is proportional with . In order not to introduce an extra constant, in the case
when the metronomes are placed on the perimeter of the disk, we use the simplified
assumption: M; = M. In case the metronomes are not at the perimeter of the disk
we use: M, = M - r/Rg, where Ry is the radius of the disk. The choice of the
form for M; in Eq. (7) means that excitations are given only when the metronomes’
bob passes the 6 = 0 position. The term 6 is needed in order to ensure a constant
momentum input, independently of the metronomes’ amplitude. It also insures that
the excitation is given in the good direction (direction of the motion). This driving

will be implemented in the numerical solution as

M, = { —M/dt if ,(t — dt) > 0 and 0,(t) < 0

0 in any other case

where dt is the time-step in the numerical integration of the equations of motion. It
is immediate to realize that this driving leads to the same total momentum transfer
M, as the one defined by Eq. (7).

The coupled system of Eq. (6) can be written in a more suitable form for numerical
integration:

. mrcos(a) Y, hif?sing; —cgp — A+B+C —D

M; — mr cos(a)(ﬁhi cos 6; — mgh; sin6; — cob;

6; = (9)
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where
A = cos(a) Z ML,

2 .
h: sin 6; cos 6;

B = m2g’r COS(O&) Z mh2 7 y
hf; cos 0;
C = mrcy COS(O[) Z m%j;’
h; M cos 0;
D =mr COS(Oé) Z m7
y i i

h? cos? 0); } .

F:[ NmR? — m2r2 cos?
J 4+ NmR* — m*r” cos (O‘)thngJi

i
Taking into account that the metronomes’ bob have the shape sketched in Fig. 2

and the L, distances are fixed, the h; and J; terms of the physical pendulums in our
model will be calculated as:

1 ()
h; = Ly —wyL 10
w1 w2(w1 1 —w2ly”) (10)
J; = wy L2 4+ wa (L2, (11)

Equations (8), (9) are numerically integrated using a velocity Verlet-type algo-
rithm [14]. It was shown that a time-step of d¢t = 0.01s is sufficient to get a good
convergence. In order to characterize the synchronization level in the system, we used
the same Kuramoto order parameter, r, as in the experiments.

The parameters of the model were chosen in agreement with the characteris-
tic values of our experimental device: wy = 0.025 kg, wy = 0.0069kg, L1 = 0.0358 m,
Ly = 0.029m, Ry = 0.27m, s = 4cm and J € {0.0729,0.10935,0.2187} kg m® de-
pending on the number of metronomes placed on the platform. The damping and
excitation coeflicients were estimated from simple experiments. For the estimation of
the cy value, a single metronome was considered on a rigid support. Switching off
the excitation mechanism, a quasi-harmonic damped oscillation of the metronome
took place. The exponential decay of the amplitude as a function of time uniquely
defines the damping coefficient, hence a simple fit of the amplitude as a function of
time allowed the determination of cy. Switching the exciting mechanism on, leads
to a steady-state oscillation regime with a constant amplitude. Since ¢y has already
been measured, this amplitude is now uniquely defined by the excitation coefficient
M. Solving Eq. (9) for a single metronome without a platform, and tuning it until
the same steady-state amplitude is obtained as in the experiments, makes possible
the estimation of M. Now that both cg and M are known, the following scenario
is considered: all the metronomes are placed on the platform and synchronization
is reached. In such situation the platform has a constant-amplitude oscillation. The
angular amplitude of this oscillation will determine the c, damping coefficient. Its
value is tuned by solving the Egs. (8) and (9), so that the experimentally observed
amplitude of the disk’s oscillations are reproduced. By these simple experiments all
model parameters are realistically determined. The following parameter values were
estimated: cg = 5-10"°kgm?/s, ¢y = 1- 10~ kgm?/s and M = 6-10~* Nm/s.

One should also take into account the differences in the metronomes natural fre-
quencies, i.e. their non-zero standard deviation, . In order to introduce this differ-
ences in the simulation, we added a noise in the Lo terms. This leads to slightly
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Fig. 7. Synchronization level (Kuramoto order parameter) as a function of the nomi-
nal frequency of the metronomes. Simulation results, with realistic model parameters (see
Sect. 3) and with various metronome numbers on the disk, as it is specified in the legend.

different h; values, in agreement with Eq. (10). The magnitude of the noise was cho-
sen in such a manner, that the standard deviation of the metronomes frequencies in
the simulation, to be similar with the experimental values.

4 Computer simulation results

Computer simulations for the realistic model has the advantage that it can investi-
gate quickly various situations that are not feasible experimentally. For instance one
cannot consider experimentally large number of metronomes (they just do not fit on
the disk), or it is tedious to vary the friction coefficients. By simulations we can easily
change these parameters, and study the dynamics of this system with a good statis-
tics. Keeping the physical parameters of the metronomes fixed, here we investigate
the influence of other relevant parameters, focusing on the order-disorder transition.
Our aim is to show that one can observe both synchronized and unsynchronized states
by changing the values of these parameters. Sometimes the order-disorder transition
is sharp, and sometimes it is rather smooth.

First we reconsider the experimentally investigated case, and vary the metronomes
nominal frequencies and the swinging angle of the pendulum relative to the radial
direction. We use the o ~ 10~® BPM standard deviation for the metronomes nat-
ural frequencies, independently of their number. This number is of the same order
of magnitude with the experimentally measured one for all seven metronomes when
the nominal frequency was fixed at 192 BPM. All the other parameters are kept as it
were given in the preceding section.

As a function of the nominal frequency of the metronomes we get similar order-
disorder type transition as in the experiments. Results averaged for 100 independent
runs are presented on Fig. 7. By increasing the number of metronomes on the disk
the transition becomes sharper, illustrating nicely finite size effects.

Fixing now the metronomes nominal frequencies to the experimentally used
192 BPM value, we studied the influence of the rotation angle . In order to vi-
sualize the increasing fluctuations in the vicinity of the transition point in parallel
with the Kuramoto order parameter we have computed now also the standard devia-
tion of the order parameter. The results were averaged again on 100 independent runs
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Fig. 8. Simulation results for the Kuramoto order parameter as a function of the « rotation
angle of the metronomes (top figure). Simulation results for the standard deviation of the
order parameter as a function of o (bottom figure). Results for different metronome number
as indicated in the legends. Model parameters were fixed realistically according to Sect. 3.

and are presented here on Fig. 8. The results confirm nicely our expectation, and for
larger ensembles the fluctuation curves are sharper and sharper in the vicinity of the
phase-transition point.

We have seen in the experiments that another way to control the strength of the
coupling between the metronomes is to vary their R distance relative to the rotational
axes of the disk. By this we change both the total moment of inertia relative to the
rotational axes (Jiot = J + N -mR? = Jy + N - [M + m]R?) and the M/ torque
of the reaction forces. Experiments indicated (see Fig. 5) that by approaching the
metronomes to the rotational angle, the synchronization level drops. Unfortunately
in the experiments, due to the finite size of the metronomes, we could vary the value
of R only in a very restricted interval. In such manner the change in the synchro-
nization order parameter was not impressive. By simulations we can do a better job,
and we can study also large ensembles. Results for different metronome numbers are
presented on Fig. 9. Similarly with the previous cases a nice order-disorder phase
transition is observable. Finite size effects are also nicely visible: increasing the num-
ber of metronomes on the disk, we get sharper transition curves.

By increasing the moment of inertia, Jy, of the disk relative to its’ rotational
axes one can also control the synchronization level. Larger Jy values would result
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Fig. 9. Simulation results for the synchronization level (Kuramoto order parameter) as a
function of the metronomes distance from the rotational axes of the disk. Realistic model
parameters were used (see Sect. 3) and various metronome numbers were considered on the
disk, as it is specified in the legend.
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Fig. 10. Simulation results for the Kuramoto order parameter as a function of the Jy
moment of inertia of the disk relative to the rotational axes. Realistic model parameters
were used (see Sect. 3) and various metronome numbers were considered on the disk, as it
is specified in the legend.

in smaller oscillation periods of the disk, and consecutively a decreased coupling. In
such manner one would expect that the synchronization level drops. Due to the fact
that in our experiments, the total mass of the metronomes were much larger than
the mass of the rotating disk, the decrease in the synchronization level should be
observable only for very large variations in Jy. By increasing the metronome number
on the disk we expect a decreasing trend in the synchronization level, and a much
smoother transition. This is due to the fact that the total inertial moment relative
to the vertical rotational axes is given in larger and larger part by the metronomes
mass, and less by the disk. Simulation results presented in Fig. 10 confirms these
expectations.
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Fig. 11. Simulation results for the Kuramoto order parameter as a function of the ¢y friction
coeflicient of disk. Realistic model parameters were used (see Sect. 3) and various metronome
numbers were considered on the disk, as it is specified in the legend.

Finally one can vary the c4 friction coeflicient in the rotational axes of the disk.
Increasing the value of this friction will lead again to smaller oscillation amplitudes
of the disk, and lower synchronization level of the metronomes. By increasing the
metronome number on the disk we increase both the total moment of inertia relative
to the rotational axes (which has a lowering effect on the oscillation amplitude of
the disk) and the intensity of the total excitation pulses (having an increasing effect
on the oscillation amplitude). Simulation results (Fig. 11) shows however, that by
increasing the metronome number we get better synchronization and consequently a
much smoother transition from order to disorder.

5 Conclusions

Metronomes were used for exemplifying the Kuramoto type order-disorder phase tran-
sition in non-identical and interacting pendulum systems. It has been shown that this
transition can be easily realized experimentally by using a smoothly rotating disk on
which the metronomes are placed. Fixing the metronomes on the same nominal beat
frequency, their dynamics can be either a synchronized or a non-synchronized one.
The order-disorder transition can be realized by varying several physical parameters
of the system. Experimentally we used three methods: in the first method the nom-
inal beat frequency was varied, in the second one the metronomes oscillation plane
was rotated relative to the radial direction on the disk and in the third method the
metronomes were placed at different distances relative to the center of the disk. All
experiments suggested that an order-disorder phase transition is observable. A the-
oretical model with realistic model parameters was elaborated. This model is able
to reproduce the experimentally observed trends, and predicted many new methods
for visualizing the transition from synchronized to non-synchronized dynamics. The
model has the advantage that a large number of metronomes can be used and a good
averaging on different initial conditions can be done. As a result of this the curves for
the variation of the order parameter as a function of the investigated parameter are
smoother and finite size effects are elegantly visualized. Using the model without fric-
tion and driving terms has also a pedagogical aim. One would find in such case that
the system cannot synchronize, unless we use totally identical units and the dynamics
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starts from a completely synchronized initial condition. Damping and driving are thus
essential in order to get a stable phase-locking synchronization. The reason for this is
that without is damping and driving the system is effectively Hamiltonian, and there
no attractors, and as consequence of this no spontaneous ordering will occur. Damp-
ing/driving are essential to generate attractors of any sort. Alternatively, in another
approach one can argue using the principles of thermodynamics. If one considers the
oscillators and the platform a closed system, an emerging order would mean a sponta-
neous decrease in the total entropy of the system, which would contradict the second
law of thermodynamics. Dissipation through friction and driving makes the entropy
balance more complicated and would finally increase the total entropy, so the second
law of thermodynamics is not violated.

In conclusion we can state that metronomes are an ideal and cheap system for
exemplifying order-disorder type phase transitions. Apart of the obvious fascination of
getting spontaneous synchronization, such systems are suitable for illustrating finite
size effects and increased fluctuations in the neighborhood of the transition point.
The present work discussed such experiments.
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