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Fig. 1. Schematic view of the experimental setup: metronomes
are placed on the perimeter of a disk that can rotate around a
vertical axes.

The present state of this quite old eld of physics was
recently reviewed by Kapitaniak et al. [15].

Our work is intended to continue this line of studies
showing that it is still possible to nd interesting aspects
of this quite old problem in physics. In contrast to previous
works, we consider an ensemble of metronomes arranged
symmetrically on the perimeter of a freely rotating disk, as
illustrated in Figure 1. The free rotation of the disk acts as
a coupling mechanism between the metronomes and, for
high enough ticking frequencies, synchronization emerges.
Our aim here is to investigate the conditions favoring such
spontaneous synchronization by using a realistic model
and model parameters. In order to achieve our task, we

rst study the dynamics of the system by well-controlled
experiments. Contrary to earlier studies that investigated
only the nal stable dynamic state of the system, here we
also consider and describe the transient dynamics leading
to synchronization. The synchronization level is quanti ed
and measured. This is achieved by using an optical phase-
detection mechanism for each metronome separately. We
then construct a realistic model for the system and its
modeling power is proved by comparing its results with
the experimental ones. We discuss the reasons behind the
fact that only in-phase synchronization is observed in our
experiments. Finally, the model is used to investigate the
emergence of synchronization in large ensembles of cou-
pled metronomes.

2 Experimental setup

The experimental setup is sketched in Figure 1. The main
units are the metronomes (Figs. 1 and 3a), which are
devices that produce regular, metrical beats. They were
patented by Johann Maelzel in 1815 as a timekeeping
tool for musicians [16]. The oscillating element of the
metronome is a physical pendulum, which consists of a
rod with two weights on it (Fig. 2): a xed one at the
lower end of the rod, whose mass is denoted by Wi, and a
movable one, Wy, attached to the upper part of the rod.
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Fig. 2. Schematic view of the metronomese bob. The dotted
line denotes the horizontal suspension axis, and the white dot
illustrates the center of mass.

In general, W; > W, and the rod is suspended on a hor-
izontal axis between the two weights in a stable manner,
so that the center of mass lies below the suspension axes.

By sliding the W5 weight along the rod, the oscillation
frequency can be tuned. There are several marked places
on the rod where the Wy weight has a stable position,
yielding standard ticking frequencies for the metronome.
These wy frequencies are marked on the metronome in
units of beats per minute (BPM).

Another key part of the metronomes is the excitation
mechanism, which compensates for the energy lost to fric-
tion. This mechanism gives additional momentum to the
physical pendulum in the form of pulses delivered at a
given phase of the oscillation period. For a more detailed
analysis of this excitation mechanism we recommend the
work of Czolczynski et al. [10].

For the experiments, we used the commercially avail-
able Thomann 330 metronomes (Fig. 3a). From the 10
metronomes we had bought, the 7 with the most similar
frequencies were selected. Naturally, since there are no two
identical units, we have to deal with a non-zero standard
deviation of the natural frequencies in experiments

In order to globally couple the metronomes, we placed
them on a disk shaped platform which could rotate with
a very little friction around a vertical axis, as is sketched
in Figure 1 and illustrated in the photo in Figure 3a.

In order to monitor the dynamics of all metronomes
separately, photo-cell detectors (Fig. 3b) were mounted on
them. These detectors were commercial ones (Kingbright
KTIR 0611 S), and contained a light emitting diode and
a photo-transistor. They were mounted on the bottom of
the metronomes.

The wires starting from each metronome (seen in
Fig. 3) connect the photo-cell to a circuit board, allow-
ing data collection through the USB port of a computer.
The data was collected using a free, open-source program,
called MINICOM. [17]. The data was saved in log les,
and could be processed in real-time. It was possible to si-
multaneously follow the states of up to 8 metronomes. The
circuit board only sent data when there was a change in
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Fig. 3. (a) The experimental setup, with the metronomes
placed on the platform and the wiring that carries informa-
tion on the metronomese phases. (b) One of the light-gates
(Kingbright KTIR 0611 S), composed of an infrared LED and
a photo-transistor.

the signal from the photo-cell system (i.e. a metronome s
bob passed the light-gate). At that point, it would record
a string such as0S 05151505 1S 0 1450, where the
rst 7 numbers characterize the metronome bob s posi-
tion relative to the photo-cell (whether the gate is open or
closed) and the eighth number is the time, where one time
unit corresponds to 64 microseconds. Since we are inter-
ested in the dynamics of this system from the perspective
of synchronization, we computed the classical order pa-
rameter, r, of the Kuramoto model [13] in our numerical
evaluations:
1 C—1
rexp(ig) = . exp(ifj). (1)

J
Here, ¢ is the average phase of the whole ensemble, 6;
is the phase of the jth metronome, N is the number of
metronomes, and ¢ is the imaginary unit.

The recorded data only tell us the exact moment at
which the metronomes bob passes through the light-
gate, so some additional steps are needed in order to
get the phases 6j of all metronomes and to compute the
Kuramoto order-parameter for a given moment in time.
In order to achieve this, we rst excluded from the data
those time-moments when the metronome s bob passed
through the light-gate for the second time in a period, and
after that we retained the pass-times corresponding to a
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Table 1. Standard deviation of the seven metronomes used
for di erent nominal frequencies.

o (BPM) 160 168
(BPM x 1077) 84 7.9

176
7.8

184
9.8

192 208
85 87

given directional motion only. With this cleaned data |,
we calculated the period of each cycle and interpolated
this time-interval for the #j phases (between 0 and 2w,
corresponding to the state of a Kuramoto rotator) as-
suming a uniform angular-velocity. This way, the phase
0j of each metronome (considered here as a rotator) could
be uniquely determined at each moment in time, and the
Kuramoto order parameter (1) could be computed.
Before starting the experiments, we monitored each
metronome separately and recorded their exact frequency,
wj, for all the standardly marked rhythms. These frequen-
cies had a small, but nite uctuation around the nominal
frequency, wg. We have selected those 7 metronomes that
had their wj standard frequencies relatively close to each
other, and precisely measured these values. From these
values the standard deviation, o, of the used metronomes
natural frequencies could be determined (Tab. 1).

3 Experimental results

As already described in the introductory section, the met-
metronomes oscillate with di erent natural frequencies,
depending on the position of the adjustable weight on the
metronomes rod. For our experiments we have used the
standard frequencies marked on the metronome. These
frequencies are given in BPM units.

Before discussing the experimental results in detail,
we have to emphasize that, independently of the cho-
sen initial condition, only in-phase synchronization of the
metronomes was observed. The reasons for this will be
given in a separate section (Sect. 6).

In the very rst experiments, we were studying how
the chosen frequency in uences the detected synchroniza-
tion level. We xed all the metronomes frequencies on the
same marked wg value and placed them symmetrically on
the perimeter of the rotating platform as indicated in Fig-
ure 3a. In reality, of course, this does not mean that their
frequencies were exactly the same since no two macro-
scopic physical systems can be exactly identical. We ini-
tialized the system by starting the metronomes randomly,
and let the system composed of the metronomes and plat-
form evolve freely.

For each considered frequency value we made 10 mea-
surements, collecting data for 10 min. The dynamics
of the computed Kuramoto order parameter averaged
across the 10 independent experiments are presented in
Figure 4a.

The results suggest that the obtained degree of syn-
chronization increases as the metronomes natural fre-
quencies increase. The standard deviations of the natural
frequencies of the independent oscillators are indicated in
Table 1.
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Fig. 4. Dynamics of the order parameter for di erent natu-
ral frequencies and numbers of metronomes. (a) Results for
seven metronomes, di erent curves corresponding to di erent
frequencies as indicated in the legends. (b) Results are for
the “xed frequency ( o = 192 BPM) and di erent numbers
of metronomes as indicated in the legend. On both graphs, the
results are averaged across 10 independent measurements.

Since there is no clear trend in this data as a function
of wy, the obtained result suggests that the observed ef-
fect is not due to a decreasing trend in the metronomes
standard deviation. We have also found that, for the stan-
dard metronome frequencies below 160 BPM, the system
did not synchronize. It is interesting to note, however,
that if one inspects visually or auditorily the system, one
would observe no synchronization for frequencies already
below 184 BPM. This means that we are not suited to
detect partial synchronization with an order parameter
below r = 0.75.

In a second experiment, we were investigating the
in uence of the number of metronomes on the syn-
chronization level. In order to study this, we xed the
metronomes at the same frequency (wp = 192 BPM) and
repeated the previous experiment with increasing numbers
of metronomes placed on the rotating platform.

Again, we performed 10 measurements for each con-

guration so as to obtain accurate results and averaged
the observed order parameter. The averaged results are
presented in Figure 4b.

Although the standard deviation of the metronomes
natural frequencies (Tab. 2) does not present a clear trend

Eur. Phys. J. B (2013) 86: 263

Table 2. Standard deviation of the metronomese natural fre-
guencies for di erent numbers of metronomes on the rotating

platform (o = 192 BPM).
N 2 3 4 5 6 7
(BPM x 1077) 51 81 75 7.1 6.7 85

Fig. 5. Schematic view and notations for the considered me-
chanical model. The white dots denote the center of mass of
the physical pendulums and the gray dots are the suspension
axes.

as a function of the number of metronomes, IV, we see a
clear trend in the detected synchronization level: increas-
ing the number of metronomes will result in a decrease in
the synchronization level.

4 Theoretical model

Inspired by the model described in reference [10], it is
possible to consider a simple mechanical model for the
system investigated here. The model is composed of a ro-
tating platform and physical pendulums attached to its
perimeter, as is sketched in Figure 5.

The Lagrange function of such a system is written as:

T A=

L | 1 (I &=
="y T e hysing,
2 o2 2 a T
- Bl — T
+ gt (hi cos 6;) S mighi(1S cosby). (2)
i=1
The rst term is the kinetic energy of the platform, the

second is the kinetic energy due to the rotation of the pen-
dulum around its center of mass, the third one is the ki-
netic energy of the pendulum s center of mass, and the
last term is the potential energy of the pendulum. In the
Lagrangian we have used the following notations: the in-
dex ¢ denotes the pendulums, J is the moment of inertia of
the platform with the metronomes on it taken relative to
the vertical rotation axes, ¢ is the angular displacement
of the platform, m; is the total mass of the pendulum
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de nes the damping coe cient, hence a simple t of the
amplitude as a function of time allowed the determina-
tion of cg. Switching the excitation mechanism on lead
to a steady-state oscillation regime with constant ampli-
tude. Since cg has already been measured, this amplitude
value is de ned by the excitation coe cient M. Solving
equations (6) and (7) for a single metronome and tuning
it until the same steady-state amplitude is obtained as
in experiments makes the estimation of M possible. Now
that both cg and M are known, the following scenario is
considered: all the metronomes are placed on the plat-
form and synchronization is reached. Then the platform
has a constant-amplitude oscillatory motion. In order to
determine cq, its value is tuned while solving equations (6)
and (7) until the same amplitude of the disk s oscillations
is obtained as in the experiments. This way, all the pa-
rameters in the model can be related to the experimental
quantities. Using the method de ned above, we estimated
the following parameter values: cg = 0.00005 kg m?/s,
ce = 0.00001 kg m?/s and M = 0.0006 Nm/s.

6 In-phase synchronization versus anti-phase
synchronization of two metronomes

As described in the introductory section, many previous
works have reported a stable anti-synchronized state in
the case of two coupled oscillators [5,8,9]. Due to the fact
that no such stable phase was observed in our experiments
(independently of the starting conditions), we feel that in-
vestigating this issue is important. Starting from our the-
oretical model described in Section 4, we will show that
the in-phase synchronization is favored whenever there are
large enough equilibrated damping and driving forces act-
ing on the metronomes.
First, let us investigate the case without any damping
and with no driving forces. The equations of motion for
such a system are given by equations (4) and (5). Con-
sidering the case of two identical metronomes (N = 2)
with small-angle deviations (67’5*  m/2), we investigate
the synchronization properties of such a system. The syn-
chronization level will be studied here by an appropriately
chosen order parameter for two metronomes, z, that indi-
cates whether we have in-phase or anti-phase synchroniza-
tion. Although we could have used the Kuramoto order pa-
rameter for this purpose, we decided to introduce a new,
more suitable order parameter. Note that this new order
parameter is only useful for small ensembles, because its
calculation would be very time consuming for large sys-
tems. In order to introduce a proper order parameter, let
us consider the dynamics of two metronomes as a func-
tion of time by plotting 01 2(¢) (Fig. 6). Let us denote the
time-moments where metronome ¢ reaches a local mini-
mum and maximum 6; values by " and 8%, respec-
tively. We denote the time-moments where metronome 2
has local maximum 65 values by T:"**. With these nota-
tions, we de ne two time-like quantities that characterize
the average time-interval of the maximum position of 62 (t)
relative to the maximum and minimum positions of 6y (t),
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Fig. 6. Dynamics of two metronomes as a function of time,

and the quantities used for de“ning the z order parameter.

it

respectively:
1 BF
t; = min Ea,"ax S T , (13)
) o
ty = min E@,‘“i“ Syt (14)
{i} j

In the above equations the averages are considered over
all j maximum positions of f5(¢), and the min notation
refers to the minimal value of the quantity in the brackets.
Now, the z order parameter is de ned as:

St

= . 15
to + 11 (15)

z

It is easy to see that z is bounded between S1 and 1. For
totally in-phase synchronized dynamics we have t; = 0,
leading to z = 1. For totally anti-phase synchronized dy-
namics t, = 0, and we get z = S1. Negative z values sug-
gest a dynamic where the anti-phase synchronized states
are dominant, positive z values suggest a dynamic with
more pronounced in-phase synchronized states.

The z order parameter was estimated numerically for
di erent initial conditions. A velocity Verlet-type algo-
rithm was used, and simulations were performed up to
a t = 4000 s time interval, with a dt = 0.01 s time-step.

Initially the deviation angle of the rst metronome was
chosen as 61(0) = Opmax = 0.1 rad and 62(0) was chosen
in the interval [S0.1,0.1] rad, leading to various initial
phase-di erences between them. The computed z values
as a function of 5(0) are plotted in Figure 7.

The above results suggest that for the friction-free
and undriven case (Fig. 7), synchronization and phase-
locking of coupled identical metronomes are possible only
if they start either in completely in-phase or completely
anti-phase con gurations. Depending on how the phases
are initialized, the ticking dynamics statistically resem-
ble either the in-phase or the anti-phase states, but no
phase-locking or synchronization is observable. Starting
from an arbitrary initial condition a complete in-phase or
anti-phase synchronization is possible only if there is dissi-
pation and driving. For small dissipation and driving val-
ues both the in-phase and anti-phase synchronization are
possible, as the results obtained for M = 6 x 10~° Nm/s
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Fig. 7. The z order parameter as function of the initial phase
2(0). The results obtained without damping ( cg = 0, ¢p = 0)
and driving ( M = 0) indicate that phase-locking and complete
synchronization is possible only if the system starts from such
a situation. For small damping and driving values ( M =6 x
10~° Nm/s), both in-phase and anti-phase synchronization is
possible. For large driving intensities (M = 6 x 10~% Nm/s),
only the in-phase synchronization is stable. The later is the
realistic parameter for the experimental metronome setup.

suggest. In this limit in-phase synchronization will emerge
if the initial phases are closer to such a situation. Alterna-
tively, if the initial conditions resemble the anti-phase con-

guration, a stable anti-phase synchronization emerges.
For higher dissipation and driving values (characteristic
for our experimental setup, M = 6% 10~% Nm/s) this ap-
parently symmetric picture breaks down, and the in-phase
synchronization is the one that is stable. Anti-phase syn-
chronization is unlikely to be observed; it will appear only
in the case when the two metronomes are started exactly
in anti-phases (62(0) = $6,(0)).

In view of these results, one can understand why only
the stable in-phase synchronized dynamics was observed
in our experiments. The results also emphasize the im-
portance of using realistic model parameters in order to
reproduce the observed dynamics.

7 Simulation results for several metronomes

Using the model de ned in Section 4, our aim here is
to theoretically understand the experimentally obtained
trends. The equations of motion (9) and (10) were numer-
ically integrated using a velocity Verlet-type algorithm as
the integration method. A time-step of dt = 0.01 s was
chosen. First, we intended to explain the experimental re-
sults presented in Figure 4. Seven metronomes with the
same wj natural frequencies as the experimentally mea-
sured ones were considered, and the time-evolution of the
Kuramoto order parameter was computed. Results ob-
tained for di erent wg frequency values are presented in
the top panel of Figure 8. For the sake of better statistics
we averaged the results of 100 simulations.

The obtained results are in good agreement with the
experimental results presented in Figure 4.

Following our experiments, we have also studied
the time-evolution of the order parameter for di erent
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Fig. 8. Simulation results for the time-evolution of the
Kuramoto order-parameter. (a) Results for the same natural
frequencies as the ones used in the experiments. (b) Results for
the same number of pendulums, and nominal beat frequency
( 0 =192 BPM) as the ones used in the experiments. For both
graphs, the presented results are an average over 100 indepen-
dent simulations. The corresponding experimental results are
presented in Figure 4.

numbers of pendulums, setting the same wy = 192 BPM
natural frequency as in the experiments. Again, we aver-
aged the results for 100 independent simulations. The ob-
tained trend is sketched on the bottom panel of Figure 8.

The trend of the simulation results is in agreement
with the experimental ones: increasing the number of
metronomes results in a decrease in the observed synchro-
nization level. In simulations, however, this decrease is not
as evident as in the experiments. The reason for this could
be the oversimpli ed manner in which we have handled
the di erences between the metronomes. In our model,
the only di erence between the metronomes are in the

Lé') values (the distance of the movable weight from the
horizontal suspension axes, see Fig. 2). In our simulations,
the non-zero spread of these values is the sole source of the
o standard deviation for the frequencies wj. However, in
reality many other parameters of the metronomes are dif-
ferent, leading to more di erent model parameters in their
equations of motion. As a result of this, a more pronounced
variation in the synchronization level is expectable.

In spite of the above discussed discrepancy, the simu-
lation results suggest that our model with realistic model
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Fig. 11. Simulation results for identical metronomes. The
time evolution of the order parameter for various numbers of
metronomes, ranging from 2 to 64, is plotted ( o = 192 BPM).

Contrarily to many previous studies, here the problem was
analyzed not from the viewpoint of dynamical systems,
but from the viewpoint of collective behavior and emerg-
ing synchronization.

The experiments suggest that there is a limiting natu-
ral frequency of the metronomes below which spontaneous
synchronization is not possible. By increasing the fre-
quency above this limit, partial synchronization will emer-
ge. The obtained synchronization level increases monoton-
ically as the natural frequency of the oscillators increases.
The experiments also suggest that increasing the number
of metronomes in the system leads to a decrease of the
observed synchronization level.

In order to better understand the dynamics of the sys-
tem a realistic model was built. We have shown that damp-
ing due to friction forces and the presence of driving are
both important in order to understand the emerging syn-
chronization. The parameters of the model were xed in
agreement with the experimental conditions and the equa-
tions of motion were integrated numerically. The model
proved to be successful in describing the experimental re-
sults, and reproduced the experimentally observed trends.
The model allowed a ne veri cation of our ndings re-
garding the conditions under which spontaneous synchro-
nization emerges and the trends in the observed synchro-
nization level. Computer simulations suggested that, for
an ensemble of metronomes with a xed standard devi-
ation of their natural frequencies, the order parameter
increases as a function of the metronomes average fre-
quency, wo. The model also suggests that this increase
happens sharply for large ensembles, closely resembling a
phase-transition like phenomenon. With the help of the
simulations we have also shown that the reason behind an
incomplete synchronization (r = 1) is the nite spread of
the metronomes natural frequencies (o = 0).

The successes of the discussed model opens the way
for many further studies regarding the dynamics of this
simple system. Indeed, many other interesting questions
can be formulated regarding the in uence of the met-
ronome and rotating platform parameters on the obtained
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synchronization level and the observed trends. Also, one
can study systems where the metronomes or groups of
metronomes are xed to di erent natural frequencies, or
where there is an external driving force acting on the
system. The discussed model has the advantage that the
equations of motion are easily integrable and the model
parameters are realistic, with a direct connection to the
parameters of an experimentally realizable system.

Finally, we hope that the novel experimental setup and
the results presented here will help in clarifying some as-
pects for one of the oldest problems in physics, namely the
spontaneous synchronization of coupled pendulum clocks.
Although several similar problems have been considered in
previous studies, we have shown that there are still many
fascinating aspects that one can investigate in this simple
mechanical system.
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