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Abstract

Human mobility is investigated using a continuum approach that allows to calculate the probability to observe a trip to any
arbitrary region, and the fluxes between any two regions. The considered description offers a general and unified
framework, in which previously proposed mobility models like the gravity model, the intervening opportunities model, and
the recently introduced radiation model are naturally resulting as special cases. A new form of radiation model is derived
and its validity is investigated using observational data offered by commuting trips obtained from the United States census
data set, and the mobility fluxes extracted from mobile phone data collected in a western European country. The new
modeling paradigm offered by this description suggests that the complex topological features observed in large mobility
and transportation networks may be the result of a simple stochastic process taking place on an inhomogeneous landscape.
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Introduction

Human mobili
ortant nowada;

'm of migration or commuting becomes

increasing] due to many obvious reasons [1]:
(i) traveling becomes easier, quicker and more affordable; (i) some
borders (like the ones i EU) are more transparent or even
istent for travele the density and growth of the
population and  their
territorial ines
main and successful employers concentrate their location in
ns where living costs are high, hence even
the employees are forced to commute; (v)

optimizing their functional

narrow geographic
in developed count
cities grow with higher rate:
ting the n intellectual and econom
growth [2]. This higher growth rate of
hieved only by relocating the highly
from smaller cities. Here we propose a unified
continuum approach to explain the resulting mobility patterns.
Understanding and modelir

the population
led work-fo:

of human

/ and human

graphy with obvious impact on business and the economy [3].

s area got ne s, arousing the interest of

due to the availability of

ale electronic data, which helps track the mobility flu

and chy the hypothe: of different model:

Traditionally mobility fluxes were described

from physics. The best-known is the gravity model [6

postulates flu in analogy with the New

where the number of commuters between two loc

veral accurate and larg
58
8

models originating
proportional to their populations (i.e. the ‘demographic ma:

and decays with the square of the distance between them. B
the well-known gravity model, several other models were used like
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parameter-free radiation model has been p
mobility patterns in good agreement with the empiri
ped  assuming y
ructure, and consequently it operates with
cretized flux topology on the edges of a complete graph. Here
consider and test continuum approach to this model
operating with fluxes between any two regions, and show that
I other mobility models can be derived within the same
This novel approach based on the continuum
description offers a new modeling and data interpretation
paradigm for understanding human mobility patterns.

Results

The Modeling Framework
The radiation model [14] has by

stimate commuting fluxes, i.e. the average numb

en originally formulated to
of commuters
ing per unit time between any two locations in a countr
The key idea is that while the o-work trip is a daily proc

it is determined by a one-time choice, ie. the job selection.
Therefore commuting fluxes reflect the human behavior in the
choi 3 mployment. In real life many K

yment’s choice, from personal a

pays (or more generally, the working conditi

between the job and home. The main idea behind the model i
that an individual accepts the closest job with better pay: each
individual travels to the nearest location where she/he can improve her/his

current working  conditions  (benefi With this assumption, the
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r(a) centered in the

dx p(x) is the cumulative distribution function of the

nefits. Equation (1) is equivalent with assuming that the rejection

of a job offers with benefits less or equal to z are independent

even

ng different assumpt
benefit distribution p!

number of trips between locatior

and approximations on the
i al formulas for the
Below we present four
examples: the original radiation model, the classic intervening opportunities
(I0) model [12], a uniform selection model, and a novel radiation model
with selection.

The original radiation model.
that the benefit bution p(z) is a continuous function, we

er the origir diation model’s formula [14]. Indeed, v

calculate the probability P (a) of not accepting one of the closest
a job of ntegrating Eq. (1) over the benefit

If we solve Eq. (1) assuming

The intervening opportunities model. e can also show
how the classical IO model [12,15] can be included within the
as a degenerate ¢ ider the situation in

which the benefit distribu is singular, i.e. jobs are exactly

( de function). In this case we have to specify
the individual’s behavior when s/he re 1 job offer identical to
her/his current one: this corresponds to setting a s fic value to

i t the discontinuity point, ©(0 0, then
the individual will travel to an infinite distance; while if k=1, the
individual accepts the job in the closest location. If 0 < <1, then
the individual accepts each offer with probability x and refuses i
with probability 1 —x. Applying Eq. (2) we obt:

Po(a)=(1—k)'=e

where L= —In(1 —x)=x if k=0.

The uniform selection model. When

imation of Eq. (4) is P~(a)=1—aL,

to randomly select one of the available
irrespective the benefits and the distanc
interpretation, we can define a model on a finite space containing
N average j i per unit time in which the ac job
—a/N.

ume that the

axl,
hich cc
job opportunities,
seneralizing this

ge job ope
selected uniformly at random, and thus

The radiation model with selection.
benefit distribution p(z) is continuous as in the
model, whereas the probability to accept any offer is reduced by a
factor (1—2) with A€[0,1]. As sequence, the probability that
an individual with benefit an offer has to be replaced by a
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popu
ith probability (1 —4),
fraction (1 —Z) of the available job offers. This is equivalent to a
combination of the radiation model and the intervening or-
A In thi
obability to refuse the

(here 1—

17).u+1

J dw[A+(1—2p
0

Note that when 4 ¢ radiation model
s a shift of the median of P~ (a) towards

In particular, for A,

over the origina

following
where we

made explicit the dependence on A. The validity of this
relationship can be verified by defining k=1—21 and expanding
around K~ 0:

— 1=yt N

P.(al—x)= K@t

K'a

1= [ =K@+ D+ S @+ Da+ow?)

O(k"*a) (6
K'(a+1) +06a) (6)

and

1—(1— K)uwdg‘xwl

o
Po@=1—x)=
- (ah‘ ) (a(k'/r)+1)

(7)

The difference is of the )—O(k'ka), thus
—«)|—>0 when k,k'—0. Note that Eq.

om Eq. (6) by s
the dependence

ibstituting k' and

the median on the
a defined
an is ten times higher,

a—ax’[k. We
rescaling of the p;
(al0.9), with

vith 2=0.9 the median

——a=10a varying the parameter 4 it
0.01 k sl
adjust the median of the distribution P (a), which is equivalent to

length of the trif
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These examples show the versatility of the radiation model’s
formalism, which can sfully provide an explanation to

veral probability dis P (a) observed empirically in
different contexts [12,14]. The probability density, P(a), to pt
one of the offers between @ and a+da for a unit da value can be
obtained from P- (a) by derivation. To be more specific, let us
consider the or

[{
Pla)=——P-(a)=
da
at point (x,) (in polar coordinate, (r,0), we will use the s
notation for the density n(r,0)). Then one gets the following
on for the number of job offers within a distance r from Xy,
) T 2n
= Jeml< Jo dr [§7d0 ¥ (r',0) and da , do
n(r,0). Thus the probability to accept an offer within a region at
distance between r and r+dr, P(r)dr, is given by

Ldx n(x)

'P(r)dI:P(a)da:LV ) _rdr )y dUnrb) (8)
[T+a(r)

This also suggests that

n(x)

Py (x)dxdy=—""—
o [1+a(lx))*

dxdy 9)

is the probability to travel from the origin, Xy, to an area dxdy

1, Py, (x) has the fol

simple i 0 any presented

Py, (%)= — P> [a(|x—x0])|(x

probability Py (D) of a trip f
Fig. la) as

y abov
From Eq. (8) we can derive the
in to a generic region D

a(r)  ap(r)

P—(D)ZJ dx Py (x)= F———
o D 0 no [+a(r) @)

”:r dOn(r,0) is the radial job of

,0) is the job * der in D at di

from xg. If the radial job offers’ density has small variations around
o2

its average between ry and ry, Le. fip(r)x drap(r
Jn
<’A1D>;; and li(l‘):<:)1>)'rf Vrelry,r], then we can derive a simple

approximated formula for Py, (D)

a(r) .[r] drap(r)
a'(r)2 2dra()

D)g‘.dr
Jn

da*(r)

a*(ra)-a*(ry)

where ¢*=1+a, and a(D the number ¢
in D.

This equation is especially important because data are usually
collected as fluxes in a discretized space, whose regions are defined

according to the local administrative subdivision (e.g. counties or
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municipalities). Py (D) has a particularly simple expression if we
consider the probability P(n,a) to accept one of the n offers

between a and a+n, corresponding to the ring in 1b. Thi

ra+n
given P(n,a)= dxP(x)= /(14a)
Ja
—1/(14a+n), which in the limit 7—0 tends to nP(a). If we only
consider trips outside a circular region centered on the origin
location and containing m job offers, then the probability P(n,a|m)
to accept one of the n offers between a and a +n given that none of
the st~ m off has  been epted, is
P(n,a)/ P~ (m)= (1 +mn X
(I+a)(14+a+n)
same probability of one trip derived in the original radiation
model’s discrete formulation [14] with the only difference being
> we have 14m instead of m (a is equal to s+m).
ed for P(a) are
CN®
d in real-

P(a)/N,
N - daP(a)=

Note that P(n,alm) is the

Ttisi ant to observe that the equations d

n the total number of job ofl¢

where the normalization constant is J
P.(0)—P~(N*). The ion to P(a) is of the order
O(1/N*"), which in m is very small given that usually
N> 1. Thi io heme  has ¢ raightforward
mechanistic interpretation: it offers another try at job selection
for individuals who during their first job search did not find any
job offer with better benefit than th irrent one. Other kinds of
normalization procedures that combine two of the models
presented above are also possible. If, for example, wi
the individuals who did not find a better job in their first try decide
lect the offer with the highest benefit, even if it does not
eed their current one, (a m onding to the
random selection model) the normalized probability we obtain i
P(a)+ P~ (N*Ya/N"*". Th multiple
the models
mechanism. This suggests

assume that

systematic investigation of finite
ze effects could also help understand the mechanisms underlying

job selec

Comparison with Empirical Data

In Fig. 2 we apply the original parameter-free radiation model

selection (Eq.

5) to commuting data among United States’ counties. We show the
agreement between the theoretical P(a)= P(a|m) P~ (m) dis
butions and the collapses predicted by the original radiation
model, Fig. 2b, and the radiation model with ion, Fig. 2c. In
Fig. 3 we compare the theoretical distributions P(a) of the ori
radiation model, the radiation model with selection, and the 10
model, to the empirical distributions extracted from a mobile
phone datab: [ ntry. For a descripti
of the data sets and the analyses performed see the section Matertals
and Metho

An advantage of the proy
continuous spatial density of job offers, and it
independent of any particular space
This feature solves some con
other mobility models defined on a di
law [6,9,17], the
predict population movement [18-20], cargo shipping volume
[21], inter-city phone c [22], a
between nations [23]. The gravi

location:

xample the gravity frame
bilateral trade flov

y ility of one trip
from an area with population m to an area with population n
(assuming that population is proportional to the number of job
offers) at distance r is obtained by fitting a formula like
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Figure 1. Defi
P(n|a,m) c) Configuration used in Eq. (12) to calculate {To(0)).
doi:10.1371/journal.pone.0060069.9001

P(n,rim)ccm*nPf(r) to previous mobility data. As shown in [14],
the values of the

it parameters o and f are strongly
dependent on  the i

[ deciding which s

solution to the c

tly encountered in discrete formulatio
ljacent areas, 1 and 2 with populatior

Cm™r ﬁf(r)
consider a different spatial
e now grouped together
sle location, 142, and we calculate the number of
Cm*(ny +m)Pf(r= T)+T(2)
nent f is different from one, the
estimated t can be considerably high. For example, if f=

and n;=n,=5000, then AT=T(1)+T2)—T(+2)c
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ion of the variables used in the calculations. a) Notation used in Eq. 10. b) Configuration used to calculate the probability

—100=41, i

fluxes is a r

order to be y

derivable from Eq. (1) have the additivity proj

consequence of the linearity of the integral in Eq. (10). In fact, for
DiNDy=g and DU Dyyr we
have  {Ty (142)> ¢ Py (D 42 :[\fpldex‘_(x)JrfD‘dex“(x)

(T, (1)) +<{Tx,(2)), for a generic Py, (x). We observe that it is
possible to develop a continuum formalism for the gravity model
that fulfils the additivity constraint by assuming that the probability
from  location X0 to  location X s

every two regio

travel
number of trz TS

[0 dxon(xo) [, dxPE(x)
1 on D the fluxes are

() = n(x0)"n(x)"f (|x—%o|). The ave
ion O to r Dis{To(D)

and because of the linearity of the integ

We can use the continuum approach to investigate the

relationship between a region’s population and the total number
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+ aaBag7 : 246997 ; 246997
- 1068978 1068978 ’ 1068978
Original RM 1/(1+a) RM w/ salaction, X=0.999988

—— aom7
15912
23548
34908
28108
73781
120283

—— 8017
—=— 18812
—»— 23548
34808
—=— 48108
73781

P(alm) A (1+m)
Rlalm) (1-N"*™) 1 (1+m)

108 0% 10°
a, population a, population a, population

Figure 2. Testing the radiation model’s theoretical predictions on commuting trips extracted from the US census dataset. a) We
divide the commuting flows in deciles according to the population of the origin county, m, and for each set we calculate the distributions P(alm). The
values in the key indicate the mean origin population, m, of each decile. We use the population as a proxy to estimate the number of employment
opportunities in every county, a, assuming in first approximation a linear relationship between population and job openings. b,c) The collapse of the
distributions P(a) = P(alm)- P~ (m) on the theoretical curves Egs. (3) and (5) predicted by the original radiation model and the radiation model with
selection respectively. (See the section Materials and Methods for details).

doi:10.1371/journal.pone.0060069.g002

710
610°
510°°
210°

310

Mobile phone data —e—
RM w/ selection, A=0.99986 ——
L:

10?
a, number of calls

Figure 3. Testing the mobility models on trips extracted from a mobile phone dataset. We analyze all call records collected during one
day, and we define a trip when we observe two consecutive calls by the same user from two different towers. We define the variable a(D),
representing the number of possible points of interest in a circular area D centered at a given cell tower, as the total number of calls placed from the
towers in D, assuming that a location’s attractiveness is proportional to its call activity. We then calculate the empirical distribution P(a)dq, i.e. the

(a),

d
fraction of trips to the towers between a and a+da (red circles), and we compare it to the various models’ theoretical predictions P(a) = — 4
with P (a) defined in Egs. (?2), (4), and (3), and whose parameters, 2=0.99986 and L=0.00007, are obtained with least-sq
the inset we show the plot in a log-log scale. (See the section Materials and Methods for details).
doi:10.1371/journal.pone.0060069.g003
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of travelers from that region outwards (i.e. the commuters whose
destination is outside the assumed that the
number of commuters is proportional to the region’s population.
This is the case, for example, for the commuting fluxes measured
by the US census 2000 [14]. We can check the validity of this
assumption by writing the average number of commuters leaving a
region O as {To(0°)) \[‘o dxon(xp) Py, (0°), where O° 2\
the complement of O, and Py,(0°)= [, dxPy,(x) is the
probability for an individual in Xy to travel outside O (cf. Eq.
an easily calculate (To(0°)) if we make the simplifyir
assumptions that the number of job offers in a region is
proportional to the region’s population (see the sect Materials
and Methods for details), that the population density is uniform,
n(x)=n, and O is a u\cle of radius R (see Fig. 1c). Then

. R
(To(0%)y= [ dxon(xn)l dexU(x):(Zmzi dro
Jo Joc .

1 (R+70
— drP(r)cos ™!

T JR-ry

drP(r) (12)

where P(r)dr is the prolm lit_\' to travel to a distance r+dr (cf. Eq.
8). For the o 77rm/(1 +nmr?)?, and
Eq. (12) can be cﬁlnuht?d E\’iLth and has the f lo g asy mptotu
ined for the T()
model, with P(r)= : (To(O° )\(R)R“ if R«(nL)™"/~,
and (To(O)(R)R lfR»(nLr1
mall then the number of commuters,

al to the total population of the region.

than a cha only the

individuals living close to the boundary have a non-zero chance of

ing outside O.
ther generalization of the model could take into a
the fact that Emhdedn di not appropriate in
where geo and/or trave

v gii(x) and the squa S
.. . . 2 .
bsitions at point X is (dr)” = Y_;; g;(x)dx;dx; with x; =x and
In this case Eq. (9) is rewritten as Py (x)dxjdx

ﬁ\/g(_x)d.\‘l Ve(®) = det(g;) is a local
a(| x|

parameter of the model.

Discussion

The fundamental Eq. (1) repr ts a unified framework to
model mobility and transportation patterns. In particular, we
howed how lln intervening opportunity model [12] n be
regarded as a degenerate case of the radiation model, correspond-
are not taken into

plained the

derived the appropriate discretized ex
ency of our predictions o
ng that the fluxes additivity requirement hol(
Furthermore, our approach also provides an insight on the
theoretical foundation of the most common types of gravif
Indeed, when the space is homogeneous and the job

distribution is fractal, a(r) is independent of the point of origin, i.e.
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. For both models if the size of
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a(r)= pt‘l" where dr and p are the fractal dimension and an
Equation (11) for the
erve a trip to a generic region D within
distances r; and r; from the origin becomes (n=a(D) is the
dp
P(D)~ [P~ (pr{")—P

. In particular, for the original radiation model,

of job offers, respectively

number of job

(prdF)
pry ]p,,dp

offers in D)

4
—pr{"

—————— These two classes of
oL L,,

deterrence functions f(r), power law (md exponential, are actually
the two most used form of gravity models [17,20,24]. Moreover,
our approach provides an interpretation to the gravity model’s
fitting parameters. First, the
the benefits are spatially uncorrelated, i.e. the benefit distributions
at the local (regional) and global (countr
or f differ from one it means that the
offerin;
Second, the e\pm\ent of the power law i

onents o and f§ are both one when
cales are the same. If o0

its tend to concentrat

licted to be two tim:
on of the job offers, dr, where
deterrence function should be

with higher or lo ben
the fractal dimer xponential
ihstituted  with a  stretched
exponential with shape parameter dr and a characteristic length
of the order of ( /)L)fl“‘“l" Thus, when the spatial d

the potential trip’s destinations is a fractal, the radiation model’s
formalism offers a theoretical derivation of the gravity

first principles.

In conclusion, we have developed a general framework for
unifying the theoretical foundation of a broad class of human
mobility model:
consistent description of mobility fluxes between any delimited

The success
cted from two diff
appmanh not only provides a

The used continuum approach allows for a

s confirms that our
ound modeling

framework, but also a good quantitativ

imental data. Thi

for the job selection also captures the basic decision mechanism

related to the choice of the destinations for other acti

(shopping, leisure, On the other hand, our study sugg

the weighted network representing the mobility flu:

ions can be the result of

complementary to the theory of optimal transportation networks
that describes the patterns observed in different natural

olely as the adaptation to a global

optumzauon principle (e.g. leaf venatio

, road and aupmt network

power
The modeling framework we
pontancous bottom-

we show how

global

control on the network mpoln or a ]ong» erm e\()lut onary

unnpl X patterns can ar
selection mechanism of the uptmul structure.

Materials and Methods

Analysis on the Inter-county Commuting Trips Extracted
from United States’ Census Data

The data on US commuting trips can be freely downloaded
from hty
commuting/index.html.

/www.census.gov/population/www/cen2000/
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provide all the work destinations for penple \\ho h\e in each

county. The data contain information on 34,1
in 3,141 counties.

Demographic data containing the population and the
graphic coordinates of the centroids of each county can be freely
downloaded from https://www.census.gov/geo/www/ gazetteer/
places2k.html.

Our goal is to use the US commuting data to calculate the
empirical distribution P(a)= — 4

da
theoretical predictions of the original radiation model, Eq. (3), and
the radiation model with selection, Eq. (3).

We assume that the number of en ment opportunities in
ounty, @jobs, is proportional to the county’s population,
dpop, where ¢ <1 is the ratio between the average

number of ]uh offers considered by an individual the on
known and of potential inte over the population. Under this
assumption, if we calculate the probability P(a) using the
opulation instead of the jc i the resulting

imply rescaled as P(gjo

From the census data we obtain the fraction of individuals who
i ulation m and work in county j that li
population  a

P (a) and compare it to the

ribution

ounty 7 with |

a circle containing a

commuters from 7 to all other counties. It follows that upon
aling with P~ (m), all the P(a|lm) should
ibution P(a). This
ommuting flux c
county, m. Then, for each set w
ibutions P(a|m) (Fig. 2a), and the rescaled distributions
P(a)= P(alm) m) with m equal to the mean origin p. i
of the counties in each set, and using the P (m) of Eq.
2b, and of Eq. The value of the parameter

calculate

en obtained by maximizing the likelihood that
the observed fluxes are an outcome of the model. The discrepancy
observed at very high a (>>107) can be the result of boundary
(finite-size) effects that become relevant at la rge populations,
corresponding to long distances. Also, the fluctuations at ver
small @ values are due to the resolution limit encountered when
axm. The parameter 4 i
with data we conside p
assume that the t

the fitting parameter we hnd is Apop

to 1 because in the compat
ns ing ead of job offers and we

;“,bﬁ, whlch It
obs given that c<«1.

Analysis on Trips Extracted from a Mobile Phone Dataset

anonymized billir om a European

mol 1: phone service provider [5,31,32]. The dataset contains the
"mporal information of the calls placed by 10M anon

mous users, specifying date, time and the cellular antenna (tower)
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that handle call. Coupled with a da
(lat and longitude) of cellular towers, we have the

mate location of the caller when placing the call. We
analyze all call records collected during one day, and we define a
trip when we observe two consecutive calls by the same user from
two different towers. The type of mobility information obtained
from the mobile phone data radically different from that

set containing the

provided by the census data. In fact, the
complementa
reported information of the census and it offes

ope and method of the
mobile phone data collection i

Additionally, the mobility information that we extract
e mobile phone data is
s. In a similar manner, we can ana
spatial resolution of cellular towers,
average distance is Tkm compared to the average size of counties,
1 including in the
a more complete
In Flome 3 we use the trips obtained from the mobile phone
data to provide a direct test of the models’ fundamental prediction,
i.e. the specific functional form of the trips distribution P(a). In the
case of mobile phone data the trips’ destinations are determined by
the particular purpose of the users when they start the trip.
Therefore. able a should now represent not onl
r of job opportunities in a region, but rather the numl)r-x of
that could be the destination c
shopping cent aurants, sch
define the vari )1\‘ a(D), rep nting the numt
points of interest in a circular region D centered at a given cell
tower, as the total number of calls pla

ible venu

assuming that a location’s attractivene

activity. We then calculate the empirical density dis
P(a)da, ie. the fraction of trips to the towers between @ and
a+da, and we compare it to the various models’ theoretical

1
redictions P(a)= — l—P;, (a), with P (a) defined in Egs. (5), (4),

da
0.99986 and L=0.00007, are

and (3), and whose parameters, /
fi fied (plots not

obtained with lea:

shown) that the result pr
other pe
e.g. between the two farthes

able with respect to
ible ways of defining a trip using the mobile phone data,
locations visited by each user in 24

hours, or between the two most visited location:
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