Flatness of the setting Sun
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The flattened rim of the setting or rising Sun is a consequence of atmospheric refraction. We study
the flatness as a function of the Sun’s inclination angle, the observation height, and the
meteorological conditions characterized by pressure, temperature, and lapse rate using a standard
model of the atmosphere. Numerical calculations are compared with simple observations. Extreme
and unusual situations are revealed. 2@3 American Association of Physics Teachers.
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. ATMOSPHERIC REFRACTION AND THE The atmosphere of the Earth extends up to a few hundred
SETTING SUN kilometers from the surface. As a function of altitude, several
o o ] layers with different physical properties are distinguishable,
The refractive index of dry air is very close to unity. Its 35 symmarized in Fig. 1. From the viewpoint of atmospheric
small variation as a function of temperature and pressurgefraction only the first two layers, the troposphere and the
leads to a refractive index gradient in the atmosphere. Alstratosphere, are important. In the upper layers of the atmo-
though this gradient is very small, atmospheric refractionsphere the air is so rarefied that the refractive index can be
(bending or dispersigncan be observed due to the large considered to be unity within a good approximation.
distances traveled by the light in the atmospHergmo- An accepted and widely used model for the atmosphere is
spheric refraction is responsible for the scintillation of starsihe U.S. Standard Atmosphere, established in 1953 and re-
mirages, the puzzling and spectacular green flash, the diffegised in 1976 This model consists of single profiles, repre-
ence between the apparent and real position of stars, and thgnting the idealized steady-state atmosphere for moderate
flattened rim of the Sun near the horizon. solar activity. Its parameters include the temperature, pres-
In this paper we study this last phenomenon and calculatgyre, density, gravitational acceleration, mean particle speed,
the flatness as a function of the position of the Sun, thenean collision frequency, and mean free path as a function
altitude of the observer, and meteorological conditions. Aof altitude. In our study we consider an atmosphere model
similar study,_ considering fixed atmospheric conditions, wasyith spherical symmetry, so that all relevant physical quan-
recently published.Here we make a more complete analysistities (temperature and pressiineary only as a function of
with a different theoretical approach and simple experimentsgjtitude.
Our study is restricted to standard atmospheric conditions \we calculate the refractive index of air as a function of
with a smooth temperature and pressure profile. Nonstandgititude as follows. As suggested by the U.S. Standard Atmo-
ard, but common, atmo%%)herlc profiles lead to nonstandarghhere model, the temperature in the troposphere linearly
distortions of the solar rim,and are not addressed here.  gecreases with a rate a=6.5 K/km and is constant within
The paper is structured as follows. We introduce the modejhe tropopause. Although the temperature increases as a
of the atmosphere in Sec. II, and the refractive index profilgynction of altitude in the stratosphere, we will follow the
is given. In Sec. Ill we present a method for calculating thework of Thomas and Josepland assume that the tempera-
ray path in this model atmosphere and in Sec. IV the flatnesgyre is constant in this region, too. This assumption is fully
of the solar rim is computed. Results for different meteoro-jystified, because the air is so rarefied in this region that the
logical conditions and observation altitudes are presented ifefractive index is already very close to 1. Taking the tem-
Sec. V. We describe in Sec. VI our photo and video expefiperature as constant will not alter the refractive index profile
ments and compare the measured flatness with theoreticyy 5 noticeable manner. Above the stratosphere> Z;
predictions. Finally, we discuss extreme and unusual condiz_g, km), we assume that=1, and do not calculate it from

tions that are illustrated pyfeplctures, videos, and computeg, (1) " the context of atmospheric physics the rate of

simulations on our WeFBSS' Parts of these documents are .06 of 3 meteorological element with height is called the

also available on EPAPS. lapse rate. In our method we assume that the lapse rate of the
temperature in the tropospherexs-6.5 K/km and it is zero

Il. THE OPTICAL ATMOSPHERE MODEL in the tropopause and stratosphere. Up to the top of the

The refractive index of dry air depends slightly on pres- stratosphere the temperature profile is therefore given as

sure5 and temperature and follows Edlen’s semi-empirical T(z)=T(0)—«z (z<z), (2a)
law:
cp T(2)=T(0)—«kz, (z=z<2Z), (2b)
2
n=1+{Cit+ 7|7 (1)  wherezis the altitude relative to sea level, aid0) is the
temperature measured at sea level.
whereC,;=7.762x10 ' Km?/N, C,=4.36x10 21K m*/N, For the pressure profile we use a modified barometric for-

\ is the wavelength of the ligh® is the pressure, aniis  mula that takes into account the variation of temperature
the absolute temperature. Because the pressure and tempenrdth altitude as well. Let us consider a slice of air of vertical
ture vary within the atmosphere, we obtain a refractive indexhicknessdz The variation of pressure within this slice is due
gradient which is responsible for atmospheric refraction.  to the hydrostatic pressure and is given by
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Fig. 2. Refractive index profile foif(0)=10°C, P(0)=1 atm, x=6.5
K/km, and\=500 nm.

dP(z)=-p(2)9(2)dz, ()
whereg(z) is the gravitational acceleration apdz) is the
density of air at heigh Let us use the geometry in Fig. 3. An observer atati-
M Nm P(z)m tude z,) detects the light source placed at(8eightz’). In
p(2)= V.V k(2 4 the following we will use the notatioR(0) andT(0) for the

pressure and temperature at sea level, and denoig the
We denote. bym the mass of one moleculd| the nqmber of height of the point where the observation is madich is
molecules in volum#&/, T(z) the temperature at heigitand ¢ always sea level
k Boltzmann's constant. Because we focus on the tropo- | ot the arc SV be the presumed path of a light ray be-
sphere and stratosphere onbis small compared o the ra- ween $ and M. The observer detects this light ray in the
dius of the EarthR~6378 km). Therefore, the gravitational MS direction, which is tangent to the ray path in M. The
field g can be considered constant. Thus, we can write source will bé seen at S by the obsen/&@0 and SO have
P(zymgdz radial directions, and thus the light rays in these directions
T T kT(z) (5 would not bend in our optical atmosphere mopéle denote
by &6 the apparent inclination angle, characterizing the direc-
If we use the temperature profile given in E@) and inte-  tion of the S image. Lety, be the deviation angle of S
grate Eq.(5) between a height zer(sea level where the  rg|ative to the real MSdirection of the source. The MS
pressure isP(0) and an arbitrary height, we obtain the  girection is characterized b, . Following Ref. 2, we com-

dP(z)=

barometric formula: pute 54e, as a function ofé.
mg/kx
P(z)=P(O)[1—W (z<zy), (6a)
KZ, mg/kx
P(z)= P(O)[l— (0)

k(T(0)—kz) o
If we substitute this result together with E®) into Eq. (1),
we obtain the refractive indexas a function of the heigtzt
The refractive index profile calculated in this manner for the
parameters of the U.S. Standard Atmosphere is given ir
Fig. 2.

[ll. TRAJECTORY OF A LIGHT RAY IN THE
ATMOSPHERE

We now study the path of a light ray in the optical atmo-
sphere model introduced in Sec. Il. Our approach is based ol
Fermat's principl€. An alternative and better known method
can be found in Ref. 8. To avoid discussing dispersion, Wexig. 3. Real 6,) and apparentS) position of a distant source, as observed
will consider monochromatic light rays. from the pointM within the Earth’s inner atmosphere.
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Fig. 5. Deviation angledy., between the apparent and real location of a

Fig. 4. Geometry and notation for our method based on Fermat's principIePOim'"ke source far from Earth as a function of the apparent inclination
angle é. [T(0)=10°C, P(0)=1 atm, k=6.5 K/km, and observation from

sea level

If the trajectory of a light ray traveling in the X-O-Y plane
is described by =y(x) (see the geometry in Fig)4by the
use of the Fermat’s principlésee the Appendix we obtain
a second-order differential equation fpfx):

sult that the entire rim of the Sun or Moon is visible even
when in reality it is below the geometrical horizon.

IV. COMPUTING THE FLATNESS

V' (X)= &—n[x v [1+Y(x)?] (Y0 =Xy’ ()] Once we have determined the deviation andjg, as a
Tz ' 2 v(x)2 ' function of the apparent inclination anglg it is easy to

z YOOIVX"+Y () (7) study the apparently flat rim of the setting Sun. Atmospheric
refraction influences only the vertical angular exteptof

In Eq. (7) n(x,y(x)) denotes the refractive index of the air at the Sun(Moon), which becomes smaller than the horizontal
x,y(X). In our casen can be considered to have spherical€xtentdy,. The flatness of the rim can be characterized by the

symmetry, depending only on the altitude= \x?+y(x)2  atio
-R. dp,

If we take then(z) refractive index profile from the atmo- =9
sphere model of Sec. Il, Eq7) can be integrated numeri- y o
cally. We start fromP;,=M(x,,Y,) and assume the initial Because both the Sun and full Moon are normally visible for
derivative tans=y’(x;). We now construct the(x) trajec- the angular exterd,=0.53°, we havel,=d,. The value of
tory numerically up to an altitude=z,, where we assumed d, can be denveq after determl!'ung th<_a apparent |ncI|_nat|on
n(z)=1. The derivative of/(x) at this point will determine ~angled as a function of the real inclination angs, that is,
the angles,. For z>zg, the trajectory of the light ray is 5=F(5r)_. If the apparent _|ncI|nat|on angle_ for_the bottom of
linear. If we assume that, Ss very far from the Earthy’ ~ the Sunisd,, corresponding to a real inclination angfg, ,
>R), we find thats, equals the value used in Fig. 3. The thend,(é,)=F(ér,+dy)— 6, and
deviation angledye,=6—4;, and the desiredy.[(5) depen- d,
dence is determined numerically. a(dy)= Floptd) =5, €)

For the parameters of the U.S. Standard Atmosphere rb T Fn/ b
[T(0)=10°C, P(0)=1 atm,A=500 nm and«=6.5 K/km| For fixed observation altitude and meteorological conditions,
and observations at sea levelh€0) results fordy.(d) are  the maximal possible flatnesg corresponds to the situation
plotted in Fig. 5. These results are in excellent agreemerivhen the bottom of the Sun touches the horizon. This hap-
with those given by Thomas and Josépimd the report of pens for a critical inclination anglé,= &, .
the U.S. Naval ObservatofyFrom Fig. 5 we see that the By decreasings in small stepgin our calculations 0.027
deviation angle is usually quite small, and becomes imporand applying our method for computing the light ray trajec-
tant only when viewing objects in the vicinity of the optical tory, both the functions=F(¢,) and é. can be determined
horizon. The deviation angle increases rapidly for smallnumerically.
inclination angles. This effect is responsible for the flattened
shape of the risingor setting Sun and Moon, and also y THEORETICAL RESULTS
for the fact that these objects appear more flattened at their
bottom. It is interesting to note here that the angular extent We now study the flatness, of the rim as a function of
of the Sun and full-Moon is 0.53°32', and the maxi- the observational altitude and the pressure and temperature.
mum deviation angle obtained for standard conditions idtis also shown that the value ofis insensitive to details of
0.57°=34.5. This observation leads us to the interesting re-the optical atmosphere model, indicating the reliability of the

®
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Fig. 7. Observable flatnesa, as a function of the,, the inclination angle
of the bottom of the Suf.T(0)=0 °C, P(0)=1 atm, observation from sea
level and standard lapse rdte.

‘L B. Flatness as a function of the inclination angle and
r observation height
4

We next present results far as function of the apparent
‘ ‘ ‘ ‘ | inclination angle of the Sun’s bottom. Results f@£0)
5 6 7 8 9 =0°C, P(0)=1 atm, k=6.5 K/km and observations at sea
K (K/km) level are summarized in Fig. 7. As already emphasized, the
asymmetric rim of the settingor rising Sun becomes evi-
('j;gt-hz- t':’éa’gz“ﬂe"rgszr;’gg"ihlafge:? 8 a[f#(”g)“or(‘) ‘j(é‘) é('o;helh:i?nht dent only for very small values of,, when the Sun is close
observatic?n frFZ)m séa level, norleI lapse rate(&)randz,:,14 km for(b).]‘ tf) the horizon. For these normal atmospheric parameters we
find thata .~1.2.
We now assume that the observer is at hemylgbove sea
level, and there is no obstacle in the direction of the horizon,
results. We considered monochromatic light with wavelengtyVhich is at sea level. It is obvious that for higher altitudes,

A =500 nm, corresponding to the color green, for our calcuthe critical angles; will be smaller(and become negatiye
lations. and the deviation angle increases even more rapidly in the

neighborhood ofs,. This result leads us to the conjecture
that the observed flatness should also be larger. We take
T(0)=0°C andP(0)=1 atm, the normal atmospheric con-
A. Sensitivity of the optical atmosphere model ditions at sea level, and=6.5 K/km, and calculate the maxi-
mal observable flatnesa. as a function of observation
To calculate the refractive index profile, we need severaheight. Our results are plotted in Fig. 8. As expecteg,
results_from the U.S. Standard Atmosp_here model, namelycreases witte,. We find that from the topfoa 5 km high
the height of the tropospherg, the height of the strato- mountain, we would observe.~1.5, and from a commer-
spherezs, and the lapse rate. It is evident that the exact cjg| flight at 10 km height at sunset, we would detect a maxi-
value ofzg does not significantly influence our results, be-mal flathesse,~1.7. For altitudes of 40 km, we can obtain
cause in the stratosphere the refractive index is already 1 tog@treme values ofe.~2.5.
good approximation.
We first study the influence of, on «,. We considered
normal conditions withl (0)=0 °C, P(0)=1 atm, observa- C. Influence of temperature and pressure
tions at sea level, and a standard lapse kat€.5 K/km. As
illustrated in Fig. €a), the value ofz, (in a reasonable range The temperatur@(0) at sea level influences the results on
has no significant influencéote the scale on the vertical the observed flatness. For observations at sea level, normal
axis). The value ofx has a more noticeable effect o [see  P(0)=1 atm pressure, and the standard6.5 K/km lapse
Fig. 6(b)], but this variation is also small for the practically rate, the temperature dependencexgfis presented in Fig.
important fluctuations around the standard value=6.5 9(@). ForT=30°C, a.~1.1, but forT(0)=—40°C, it be-
K/km). We conclude that our results are insensitive to thecomes 1.3, and increases rapidly for lower temperatianes
details of our optical atmosphere model. If otherwise nottic conditions.
specified, we chose the height of the troposphere t@;be Increasing the pressure(0) at sea level results in the
=14km and the height of the stratosphere to he increase of the observable flathegs,. For a reasonable
=50 km. range ofP(0), T(0)=0 °C, observation at sea level, and the
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Fig. 8. Maximal observable flatnesa, as a function of the observation
heightz,. [T(0)=0 °C, P(0)=1 atm and«=6.5 K/km]

standard temperature lapse rate, the variation of the flathesee 12 | -
a, as a function ofP(0), is given in Fig. 9b).

D. A simulation

We also have developed software that computes and visu b
alizes the rim of the setting Sun. After choosing the tempera- '
ture and pressure and observation height, the user can folloy 1.15 ‘ . ‘ .
how a sunset might look in our optical atmosphere. The Win- 85 90 95 100 105 110
dows program can be downloaded from the Web site accom P (kPa)
panying this papef.

Fig. 9. Maximal observable flatness,, as a function of@) the air tem-
perature andb) the pressure at sea level. Observationsca6.5 K/km,

VI. THE REALITY P(0)=1 atm for(a), andT(0)=0 °C for (b).

It is relatively easy to measure the flatness of the setting
(or rising Sun. We took photos and videos and analyzed
them as a function of the inclination angle of the Sun. Totemperature conditions. As an example of our results, we
obtain a nicely visible rim, we used a solar filter and studiedPresent in Fig. 10 a series recorded during a sunrise in win-
mainly small inclination angles, , where the light intensity ~ter. The mean temperature during the sunrise wasC, and
was low. With appropriate solar filters and a calibrated eyethe atmospheric pressure was 103 kPa. During this sunrise
piece, telescope observations were also possible. To keep olffe temperature was approximately constant. A similar series
eyes safe, the choice of an appropriate solar filter is crucidfOm @ spring sunset was also analyZeluring this sunset
for the telescope observations. These filters must stop infrgh€ mean temperature was 12°C, the atmospheric pressure
red radiation, have a small transmittangesually smaller 98 kPa, and the temperature dropped appreciably during the
than 0.1%, and a small bandwidttusually smaller than 10 tme the pictures were m_ade. _
nm) to ensure a detectable rim. The best solution is to use a AS an initial confirmation of our theoretical results, we
brand-name filter, specially designed for telescope observdound that for the same inclination angle, the flatness is big-

tions of the Sun. We used an available blue-glass JMBger in winter, that is, for loweiT(0) values. Quantitative
binocular solar filter with 0.1% transmittancecaa 5 nm  results for the flathess as a function of the Sun’s inclination

bandpass. angle (bottom of the rim are plotted in Fig. 11 along with

When the Sun is close to the horizon, the inclination angle
of the Sun can be determined from these pictures. The hori-
zontal angular extent of the Sun always correspondd,to
=0.53°. On the pictures the distance of the Sun from the
horizonlg, can be compared with the horizontal extent of the
setting Sur ,, and the inclination angle results from here as
Sp,=d,ls/l,,. Doing experiments with the setting or rising
Moon is more complicated, because we need a full Moon,
we must work at night, and we have to analyze pictures
where the horizon is not clearly visible.

We have taken a series of pictures in South Bend, Indianaig. 10. Rim of the rising Sun for different inclination angigs: (a) 0.08°,
(altitude 100 M both in winter and late spring, with different (b) 0.15°(c) 0.42°,(d) 0.6°, (¢) 0.97°,(f) 1.2°, and(g) 1.8°.
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=—5°C andP(0)=103 kPa. The triangles are results from pictures taken

in May 2001 with a mean temperatufig€0)=12°C andP(0)=98 kPa.  Fig. 12. Results from a vide@ots and theoretical predictionglashed ling
Observations were made z&f=100 m with the horizon roughly at the same for the flatness as a function of the inclination angl&(0)=7 °C, P(0)
altitude. Theoretical results for the listed atmospheric conditions«al5 =100.8 kPa, observations =400 m, horizon a,=300 m, andk=6.5
K/km are plotted by continuous and dashed lines for the winter and spring/km.]

conditions, respectively.

terials about sunset, sunrise, moon-set, and moon-rise and

have classified and stored them on our Web %ite.
our corresponding theoretical results. As seen from Fig. 11 In agreement with our expectations, we found that for a
the measured values af for the winter conditions are in  sunrise(or sunset viewed from a space shuttley, can be
acceptable agreement with the theoretical calculations. HOV\greater than 2.5, and in an arctic environme@tincreages
ever, for the spring series the theoretical valuesaoéire  yp to 1.6. For most of the usual low-altitude photos, we
higher and decrease slower as a function of the inclinatiogy;ng a.~1.1-1.2. Pictures taken from a commercial air-
angle s, than the measured data. One reason for this discreqﬂane yieldedr,~1.5. We also found a series of photos for a
ancy is the decreasing temperature during the sunset. If W§,set over the ocean. where the rim of the Sun is clearly
took account of this decrease in the calculations, it wouldiple. The results of our analysis are again in agreement
result in values ot closer to the observations. However, the it our theoretical predictions. The videos on our Web site

temperature variation does not explain the constantly loweyij| 4150 convince the reader of the rapid variationés a
values measured far. We conclude that at the time of this runction of 5, the inclination angle
e ' '

measurement, the atmosphere had a refractive index profi
different from the one used in our model.

A second set of experiments was done by filming sunset¥!l. CONCLUSIONS
in Cluj (Romania. The video allowed us to follow more
precisely the flathess as a function of the inclination angle
The inclination angle was calculated by the same method
in the photographs, that is, by comparing the height betweeE1

Atmospheric refraction is responsible for the asymmetric
rim of the setting(or rising Sun. A method for computing
e path of a light ray in an optical atmosphere model was

. . . resented. By determining the deviation angle between the
the bottom of the Sun and horizon with the horizontal exten T o
of the setting Sun. Because Cluj is not a flat region like pparent and real inclination of a point-like light-source, we

South Bend, we had to determine the altitude of the opticaf'ere able to compute the flatness of the rim. It was found

horizon as well. Our results from the videos in compariso hat the maximal flatness obtained in the vicinity of the ho-
Tz well. Du u vi In Parson; 5 increases as a function of observation altitude and pres-
with theoretical expectationgfor the appropriate atmo-

heri nditionsare plotted in Fig. 12. For this m e sure, and decreases as the temperature increases. We also
Spheric conditionsare plotte 9. ~2. FOT IS MEASUre-” {014 that the flatness is rather insensitive to the fine details
ment good agreement between theoretical and experiment the optical atmosphere model, which makes our results
data is achieved. Because the lapse rate for the theoretic bust. Simple observations and pictures from the Internet

calculations was taken from the standard atmosphere mod hows the usefulness of our theoretical predictions. Our

thesﬁg;agPeO(: SsTr?rlilsigirgr?-(;?atlsolrjnrﬂggsrtliir?g;lsﬂ%sualI a analysis also can be effectively used to study atmospheric
. . y refraction in nonstandard atmospheric conditions.
favorite theme for professional and amateur photographers.

The Internet is full of beautiful and useful pictures. Many of
these pictures are taken under extreme conditiangtic en-  VIIl. SUGGESTED PROJECTS AND PROBLEMS

vironment, airplanes, space shuttle, or high mounjaiof B ; i ; :

; et y applying the analysis discussed here or by just using
fering an excellent possibility to check our model. Moreover, o simulation software provided on our Web $itee sug-
there are also interesting videos exemplifying how the ob-

served flatness increases in the neighborhood of the horizoﬁ?St the following related projects:
We recommend that the interested reader search the Web fak) Show that the observed flatness also characterizes the
such materials. We have also collected noncopyrighted ma- apparently slowing angular speed of the setting Sun.
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(2) Find extreme conditions under which the observed flat\We search for the functiog(x) that minimizess. If we fix
ness can become infinite, that is, the Sun looks like awo points M and $ between which the light travels, the

line. o ) ) ~minimum of s leads to the classical variational problem
(3) From Eq.(1) it is obvious that atmospheric refraction
depends on the wavelength of the light ray, a phenom-  95=0, (A4)

enon called dispersion. Differently colored light rays ith
coming from a source emitting a continuous spectrum

will suffer different deviations. Light with smaller wave- SLy(X)]x=x,=0, (A5a)
lengths (higher frequencigsrays will deviate more _
strongly, leading to a separation of the colors in the ob- 5[y(x)]|><:xf_o' (ASD)

served Sun. Because the high-frequency visible comporyg go|ution of this problem is well knowhand is given by

nents (corresponding to violet and blue coldr&re o second-order differential equation:

strongly scattered by the atmosphere, the green compo- .
J

nent reaching the observer directly will suffer the most ~ df d o
dy’

bending. When the Sun disappears below the horizon, 5y  dx
on the horizort® Study the green flash in the standard It IS straightforward to show that

=0. (AB)
this component will be observed leading to a green flash

atmosphere. gf  an(x
_an(xy(x) (X :
o 0 lew (x)2, (A7a)
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By simple algebra we obtain from Eq§A6) and (A7) a
second-order differential equation fg(x):

APPENDIX: APPLICATION OF FERMAT'S wig = oY) [14Y'(0°] o
PRINCIPLE y'(x) 2 n(x,y(x))m[w) Xy’ (x)].

. . A8
Fermat's principlé states that light travels between two A8)

points along the path that requires the least time in compariwgectronic mail: zneda@phys.ubbcluj.ro

son to othe_r nearby pa}ths. We can reformu'?-te Fermat’s priniR. GreenlerRainbows, Halos and Glorie€Cambridge U. P., Cambridge,
ciple by using the optical path instead of time. Let us con- 1980. See also A. T. Young, “Annotated bibliography of mirages, green
sider that the trajectory of the light ray in the X-O-Y plane is flashes, and atmospheric refractiortittp://mintaka.sdsu.edu/GF/bibliog/

described by the curve=y(x) (see Fig. 4 Fermat's prin- 2',3/:*3':50%“" SR 1 Josenh. “At ol reftaction” Jahme Hook
C|p|e Imp|IeS that i =N omas an . I. Josepn, stronomical refraction,” Johns ROPKINS

APL Tech. Dig.7 (3), 279-284(1996.

Si (X ,Y¢) 3. Gyori, “Determination of atmospheric refraction from the distortion of
s= f n(x,y(x))ds the Suns disc,” Astron. Astrophy278 (2), 659—664(1993.
M(Xg,Yo) “See EPAPS Document No. E-AJPIAS-71-016302 for a movie sequence for

a moonset scenario filmed from the space-shuttle, and some pictures. A
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