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Abstract

Some multiplicity results are presented for the eigenvalue problem

a4 —2a _ —2b —2c .
{ div (|72 Vu) = M| 72 £ @) + ulr T g) in 2 P
u=~0 on 052,

where £2 C R" (n > 3) is an open bounded domain with smooth boundary, 0 € £2,0 <a < %, a<b,c<a+1l,and f:R—> R
is sublinear at infinity and superlinear at the origin. Various cases are treated depending on the behaviour of the nonlinear term g.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction and main results

We consider the eigenvalue problem

{ —div(|x|72Vu) = Alx| 72 £ (u(x)) in £2, P
u=>0 on 452, *

where £2 C R" (n > 3) is an open bounded domain with smooth boundary, 0 € £2, 0 <a < %, a<b<a+1,and

A € R is a parameter.

Equations like (P,) are introduced as model for several physical phenomena related to equilibrium of anisotropic
media, see [6]. Due to this fact, problem (P,) has been widely studied by several authors, see [1-3,7,13] and references
therein. Usually, the nonlinear term f : R — R is considered to be superlinear at infinity or simply, f(s) = |s|?2s
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with 8 > 2. The common assumption in these papers is the well-known Ambrosetti—-Rabinowitz condition: denoting
by F(s) = fos f(t)dt, there exist so > 0 and € > 2 such that

0<OF(s)<sf(s), VseR, |s|=>so. (AR)
A simple computation shows that (AR) implies
|F)| =clsl”™!, Vs eR, |s| >, (AR)

with ¢ > 0, i.e., f is superlinear at infinity.
Our aim is to handle the counterpart of the above case, i.e., when f : R — R is sublinear at infinity. More precisely,
we assume:

(f1) limgooe 22 = 0.

The presence of the parameter A € R is essential in our problem; indeed, if beside of (f}), the nonlinear term f
is uniformly Lipschitz (with Lipschitz constant L > 0), then problem (P,) has only the trivial solution whenever
A < (LC%Zb)_l; the constant C3 7, > 0 is introduced after relation (3).

In order to state our main results, we introduce the weighted Sobolev space ’Dcl,’z(.Q) where the solutions of (Py)
are going to be sought, which is the completion of C;°(£2) with respect to the norm

1/2
lulla = (/|x|—2“|w2dx> .
2

Beside of (f1), we assume

(f) lim_q L gx) = 0 (superlinearity at zero);

(f3) supgegr F(s) > 0.

Theorem 1.1. Let f : R — R be a continuous function which satisfies ( f1), (f2) and (f3). Then, there exist an open
interval A C (0, 00) and a constant v > 0 such that for every X € A problem (P,) has at least two nontrivial weak
solutions in Di’z(.Q) whose || - ||a-norms are less than v.

Now, we consider the perturbation of the problem (P, ) in the form
—div(|x[72Vu) = Alx| 72 f ) + plx| T gw) in 2, Py
u=>0 on 452, o

where 0 < a < %, a < b,c <a+ 1 and for the continuous function g : R — R we introduce the hypotheses:

(g1) there exist p € (2,27 ) with 2} . = min{nzT"z, n{(g(_uzﬂ)} and ¢y > 0 such that |g(s)| < cg(1 + Is|P~1) for every
seR;
(g2) limg—oo lﬁ(sﬁ)l =1 < 400 (asymptotically linear at infinity).

It is clear that (g2) implies (g1).

Theorem 1.2. Let f : R — R be a continuous function which satisfies the conditions (f1), (f2), (f3). Then, there
exists a nondegenerate compact interval A C [0, 00) with the following properties:

(1) there exists a number vy > 0 such that for every . € A and every continuous function g : R — R verifying (g1),
there exists §1 > 0 with the property that for each | € (0, 81) the problem (P, ) has at least two distinct weak
solutions whose || - ||,-norms are less than vy,

(ii) there exists a number vy > 0 such that for every A € A and every continuous function g : R — R verifying (g2),
there exists 6 > O with the property that for each u € (0, 83) the problem (P, ) has at least three distinct weak
solutions whose || - ||,-norms are less than v;.
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It is worth to notice that problem (P, ,) may be viewed in particular as a degenerate elliptic problem involving
concave—convex nonlinearities whenever (g;) holds; indeed, f has a sublinear growth at infinity, while g can be
superlinear (and subcritical) at infinity.

The main ingredient for the proof of Theorem 1.1 is a recent critical point result due to Bonanno [4] which is
actually a refinement of a result of Ricceri [9,10]. In the proof of Theorem 1.2 we use a recent result of Ricceri [11]
and a version of the mountain pass theorem due to Pucci and Serrin [8].

2. Preliminaries

The starting point of the variational approach to problems (P;) and (P;, ;) is the weighted Sobolev—Hardy in-
equality due to Caffarelli, Kohn, Nirenberg [5]: for all u € Cgo (R™), there is a constant K, 5 > 0 such that

2/q
</|x|bq|u|‘1dx) <Ka,b/|xr2“|vm2dx, (1)
R7 R~

where

n—2 <h<a+1 by = 2"
—co<a< , a<b<a , =2%a,b) = ———,
2 a4 n—2d

d=1+4+a—b.

From the boundedness of £2 and standard approximations argument, it is easy to see that (1) holds on D},’2(.{2);
more precisely, for every
2n
n—2

1

<(1+a)+n<l——), 2)
r 2

1<r< and

SR

we have

2/r
(/|x|—“|u|’dx) gc/|x|—2“|W|2dx, ueD-2(2),
2 2

that is, the embedding D;’Z(Q) — L"(£2; |x|™%) is continuous, where L" (£2; |x|~%) is the weighted L"-space with
the norm

1/r
Nullro = Nullpr (2o = </ |~ u|” dx) . 3)
2

We denote by C,, > 0 the best Sobolev constant of the embedding ’Dcl,’z(.Q) — L"(£2; |x|™%).

The following version of the Rellich—-Kondrachov compactness theorem can be stated, see Xuan [12,13].
Lemma A. Suppose that 2 C R" is an open bounded domain with C' boundary and 0 € 2,n >3, —00 < a < %
The embedding Di’2(.Q) — L"(82; |x|™%) is compact if 1 <r < nzTHZ anda < (1 +a)r +n(l —3).

First, we associate the energy functional &, : D},’z(.Q) — R to problem (P,), given by

Enu) = %nunﬁ —AFu), ueDy*(R),
where F(u) = [o, |x|7?" F (u(x))dx and F(s) = [y f(1)dt.

Proposition 2.1. Assume (f1) and (f>) hold. Then, for every A € R the functional & is well defined, of class C'

on Di’z(Q), sequentially weakly lower semicontinuous, and coercive. Moreover, every critical point of &, is a weak
solution of (P5.).

Proof. Fix . € R. Combining (f1) and (f2), there exists M > 0 such that
|f(s)| <M(1+]s|) forallseR. 4)
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Then, for every u € D},’Z(Q), we have
|F )| < M(Crapllulla + C3 o llull}) < oo. (5)

Note that the pairs r = 1, « = 2b and r = 2, o = 2b verify relation (2). Consequently, &, is well defined.

One can see in a standard way that & is of class C! on D},’Z(Q) and every critical point of &£, is a weak solution
of (Py).

We prove that F is sequential weak continuous which clearly implies the sequential weak lower semicontinuity
of &,. To do this, we argue by contradiction; let {u} C D;’z(.Q) be a sequence which converges weakly to u €

Di’z(.Q) but {F(uy)} does not converge to F(u) as k — oco. Therefore, up to a subsequence, one can find a number
go > 0 such that

0<eo < |Flux) — Fw)| foreverykeN,
and {uy} converges strongly to u in LY(2; |x|_2b) N Lz(.Q; |x|_2b). Here, the pairs r = 1, =2b,and r =2, o =2b

verify relations from Lemma A. Using Holder inequality and (4), for every k € N one has 0 < 6; < 1 such that

0 < &0 < |Flup) — Fw)| < / x| 72| f (e + Ok ux — w)) | lge — el dx
2

<M (llug — ulli2p + |uk + O (ux — U)szbnuk —ull2,2)-

Since {uy} converges strongly to u in L'(£2; Ix|720) N L2(82; |x|~2P), both terms in the right-hand side tend to O as
k — oo, contradicting ¢ > 0.
We prove now that &, is coercive. By (f1) there exists §o = §(1) > 0 such that
£ <Ci3,(1+120) "I forevery |s| = So.
Integrating the above inequality we get that

1 5 -1,.2
|F(s)| < 2C55,(1+IA) " Is|* + max | f()||s| foreveryseR.
2 = Ir1<3o

Thus, for every u € D;’Z(Q), we have

1 —1 2
|Fa)| < 5(1 M) llullz + Crop ‘§?£§;|f(t)|llulla~ (6)

Using (6), we obtain the inequality

1
&) = Euunﬁ — M| F@)| = lull2 = |AIC1,25 max | £ (@) |llulla-
[t]<do

2(1 4+ |A])
Consequently, if ||u||; — oo then &, (1) — oo as well, i.e., &, is coercive. O

3. Proof of Theorem 1.1

Throughout of this section, we assume that the assumptions of Theorem 1.1 are fulfilled. First, we prove two
lemmas.

suplF(): lulg<2p} _

Lemma 3.1. lim,_, o+ 2

Proof. Due to (f2), for an arbitrary small ¢ > 0, there exists § = §(g) > 0 such that
&
| f()] < Eczjgb|s| for every |s| < 6.
Combining the above inequality with (4), we obtain

|F(s)| < 8C£§b|s|2 + K(8)|s|?7 forevery s eR, (7)

2n 2(n—2b)

where g € (2, min{;=5, n=2arD

}) is fixed and K (§) > 0 does not depend on s.
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From (7) we get

F <eC3, [ Il uldx + K ) [ 7t dx < ellal? + K)C]
2 2

From the above relation we obtain that
q
sup{F(w): llul2 <2p} < 2ep + K((S)CZY%(Z,O) 7,
Because ¢ > 2 and ¢ > 0 is arbitrarily, we obtain

i SUplF (): lullg <20}
m =
p—0F Y

0. a

Lemma 3.2. For every A € R the functional &, satisfies the usual (PS)-condition.

Proof. Let {u;} C Di’z(.Q) be a (PS)-sequence, i.e., {£) (ux)} is bounded and &; (ux) — 0 in (Dé’z(.Q))* as k — oo.
Since the function &, is coercive, it follows that the sequence {uy} is bounded in D};z(s’z). Up to a subsequence,
we may suppose that uy — u weakly in D}Z‘Z(Q), and uy — u strongly in LY($2; |x|_2b) N L2($2; |x|_2b) for some
ue D},’Z(Q), see Lemma A. On the other hand, we have

luk — ull2 = E5 (up) g — u) + E4 () (@ — ug) + A / 172 (ke () = f ()] (ur () — u(x)) dx.
2

It is clear the first two terms from the last expression tend to O, while by means of (4) and Holder’s inequality, one has
J 2 r0) = £ ) 6 = o
2

< M[2llux — ullt,26 + (lurllz,2s + Null2,2n) lux — wll2,25] = 0

as k — oo. Thus, we have |uy — u|l; — 0 as k — oo.

Let so € R such that F(sg) > 0, see (f3). Here and in the sequel, let xg € £2 and ro > 0 so small such that |xg| > ¢
and B(xg, ro) C §2. Then, clearly, B(xg, r9) C £2 \ {0}. As usual B(xg, r9) denotes the n-dimensional open ball with
center in x¢ and radius ro > 0.

For o € (0, 1) we define

0, if x € 2\ B(xg, r9);
U (¥) =\ 1% — smi=ey X — Xol. if x € B(xo,70) \ B(xo,070); (8)
S0, if x € B(xg, orp).

It is clear that u, € D},’Z(.Q). Moreover, one has

lu 12 > 53 (1x0l +r0) (1 —0)72(1 = ")y > ©)
and

Fusg) = Ky, x,r0(0), 10
where

Kaonn(@)= [ Flo0 aal+0) 0" = g |0l =) (1 =" Jnr

and w, denotes the volume of the n-dimensional unit ball. For o close enough to 1, the right-hand side of (10)
becomes strictly positive; choose such a number, say og.

Now, we recall a recent result from critical point theory, due to Ricceri [9,10], and Bonanno [4].
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Theorem R1. (See [4, Theorem 2.1].) Let X be a separable and reflexive real Banach space, and let A, F : X — R
be two continuously Gateaux differentiable functionals. Assume that there exists xo € X such that A(xg) = F(x9) =0
and A(x) > 0 for every x € X and that there exist x| € X, p > 0 such that

@ p < Alxy);
(if) SUp A(p)p Fx) < pZ21,

Further, put

{p
Fxp)

a= ,
PGy ~ SUP Ay <p F(x)

with ¢ > 1, assume that the functional A — AF is sequentially weakly lower semicontinuous, satisfies the Palais—
Smale condition and

(iii) limyyj—o00(A(x) — AF(x)) = 00 for every A € [0, al.

Then there is an open interval A C [0, a)] and a number v > 0 such that for each A € A, the equation A'(x) —
AF' (x) = 0 admits at least three distinct solutions in X having norm less than v.

Proof of Theorem 1.1 completed. On account of Lemma 3.1, (9) and (10), we may choose pg > 0 so small such that

200 < lluey |12,
sup{F u): llull? <2po} _ 2Ky 50,00 (00)
£0 ||M00||¢%

By choosing X =D}Z'2(Q), A= %H . I|§, x0 =0, x| = Ug,, and

1+ po
2F(uop) _ suplF(w): |lull3<2p0) ’
iy 17 Po

a=

all the hypotheses of Theorem R1 are verified, see also Proposition 2.1 and Lemma 3.2.
Thus there exist an open interval A C [0, @] and a number v > 0 such that for each A € A, the equation & (u) =

A'(u) — LF' (1) = 0 admits at least three distinct solutions in D}z‘z([)) having D},’Z(Q)-norm less than v. Since one
of them may be the trivial one (f(0) =0, see (f2)), we still have at least two nontrivial solutions of (P,) with the
required properties. O

4. Proof of Theorems 1.2
Throughout of this section, we assume that the assumptions of Theorem 1.2 are fulfilled.
Let us define the function
B(t) =sup{F(u): llu? <2t}, ¢>0.
Then, Lemma 3.1 yields that

t
lim & =0. (11)
t—0t 1
Take the function from (8) for og > 0 fixed in the previous section; thus, ug, € D},’Z(Q) \ {0} and F(ug,) > 0.
Therefore it is possible to choose a number 1 > 0 such that

2
O0<n<Flug) ——.
P07 [ty 112



A. Kristdly, C. Varga /J. Math. Anal. Appl. 352 (2009) 139-148

From (11) we get the existence of a number #y € (0, ||uy, ||ﬁ /2) such that B(ty) < nty. Thus

2
B(10) < ———=F (ugy)ito.
lluollz
Due to the choice of #) and using (12), we conclude that there exists pg > 0 such that
2
B(10) < po < F(ugy) ——=1t0 < F (o).
lueyllz

Define now the function H : D},’z(.Q) x I — R by

Hu, 1) = E.(u) + Apo,
where I = [0, 0o0). We prove that the following inequality holds:

sup inf  H@u,r) < inf  supH(u,r).
rel ueDr2(2) ueDL?(2) rel

The function

) 1
rel—  inf |:—||u||i+)»(po—.7:(u)):|
ueD2(2)L2

is obviously upper semicontinuous on I. It follows from (13) that

1
li inf  H(u,A) < lim |- Z+x(po—F = —00.
Jim u65?2<9> (u, ) Hlrfoo[zlluaollfﬂr (po (uao))] o0

Thus we find an element A € I such that

1 _
sup inf  H(u,A)= inf [—||u||§ + A(po — f(u))]
rel ueD)2(2) ueD2(@)L2

Since B(f) < po, it follows that for all u € D;’z(.Q) with |ju ||§ < 29 we have F(u) < pg. Hence

. 1
fo <mf{5nuu2: F(u) >po}.

On the other hand,

. T, (1,
inf  supH(u,r)= inf §||u||a +sup(A(po — F(w))) |= inf §||u||a: Fu) > pot.
rel

ueDy?(82) rel ueDM2 (@) ueD2(2)
Thus inequality (16) is equivalent to

to< inf  supH(u, ).
ueDL?(2) rel

We consider the following two cases:
DOIfoLK A< %, then we have that
uepi?g(m[%llullﬁ + A(po — f(u))} < H(0, 1) =Apo < fo.
Combining this inequality with (15) and (17) we obtain (14).
an If % < A, then from the fact that pg < F (4o,) and from (13), it follows that

. 1 _ 1 _ 1
inf [Enuni +x(po — f(u))} < Enuooui +2(po — Flusy)) < 5 oy 12 + —00(,00 — Fluoy)) < to,

I7
ueDy?(52) o

which proves (14).
Now, we are in the position to apply the following result of Ricceri:

145
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13)

(14)

5)

(16)

A7)
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Theorem R2. (See [11, Theorem 5].) Let X be a reflexive real Banach space, I C R an interval, andlet ¥ : X xI — R
be a function such that W (x, ) is concave on I for all x € X, and W (-, \) is continuous, coercive and sequentially
weakly lower semicontinuous on X for all A € 1. Further, assume that

sup inf ¥ (x,A) < inf sup ¥ (x, A).

rel ¥€X Y€X jel
Then, for each y > sup, cpinfyex ¥ (x, 1), there exists a nonempty open set C C I with the following property: For
every A € C and every sequentially weakly lower semicontinuous functional @ : X — R there exists § > 0 such
that, for each p € (0,6), the functional ¥ (-, L) + u®(-) has at least two distinct local minima lying in the set
fxeX: ¥x,r) <y}

Proof of Theorem 1.2(i) completed. We choose in Theorem R2: X = D}?(£2), [ = [0, 00) and ¥ = H. It is clear
that for each u € DJ{Z(Q) the functional H (u, -) is concave on I. Obviously H(-, 1) is continuous, and it follows from
Proposition 2.1 that H(-, 1) is coercive and sequentially weakly lower semicontinuous on Dé’z(.Q). The minimax
inequality is precisely relation (14).

Assume that g satisfies (g1), and a < ¢ < a + 1. We denote by

g(u)z—/|x|_ch(u(x))dx, ueD2(),
2

where G(s) = fos g(t)dt. The functional G is well defined, of class C!, and sequentially weakly continuous on
D}Z’Z(Q). The first two facts follow in a standard way; we deal only with the sequential weak continuity of G. We

suppose that there exists a sequence {uy} C D,y(.Q) which converges weakly to u € D;’2(Q) but {G(ur)} does not
converge to G(u) as k — 0o. So, up to a subsequence, we can find a number gy > 0 such that

0<eo<|Gur) —Gw)| foreveryk €N,

and {uy} converges strongly to u in L'(£2; |x|72¢) N LP(£2; |x|~%¢), where p € (2,2 2, » o) is from (g1). Note that the
pairs r =1, @ = 2¢, and r = p, o = 2c verify relations from Lemma A. Using Holder inequality and (g;), for every
k € N one has 0 < 6; < 1 such that

0 <0 <|Gur) — Gu)|

</|x|*2°’|g(u+9k(uk—u>)||uk—u|dx

< cg(llur — ullr 2e + [|u + Ox (ur — u)||p Sellek —ullp.ac).

Since uy converges strongly to u in LY(82; |x|72) N LP(£2; |x| %), both terms in the right-hand side tend to O as
k — oo, contradicting &9 > 0. Therefore, the functional G is sequential weak continuous.

Now, for a fixed y > sup; jinf weD!2(2) H(u, A), Theorem R2 assures that there exists a nonempty open set C C I
with the property that for every A € C there exists 81 > 0 such that for each p e (0 81) the function u — H(u, A) +
G (u) has at least two local minima u )1\ " and u? o belonging to the set {u € D (Q) H(u, A) < y}. Therefore, the

energy functional &, , associated to the problem (73)\ ,u)> which is nothing but
Enn) =Hu, M) + nGu) — Apo

has two local minima in the set {u € Dé’z(.Q): H(u, 1) < y}. Consequently, ui u and u% , are weak solutions for the
problem (P;, ).
Finally let A = [cg, c1] C C be any non-degenerate compact interval with cg > 0. It is clear that

U {ueDi?@): Hu.n) <y} S{ueDi?(2): Hu.co) <y}U{ueDy?(R2): Hu.c) <y}
A€lco,c1]

Since H(-, A) = &, + Apg is coercive it follows that the set
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s= |J {ueDi?@): Hw.» <y}

A€lco,c1]

is bounded. Hence the || - [|,-norms of the local minima of &, , are less or equal than vy, where vi = sup,,cg ll#|l4.

Proof of Theorem 1.2(ii) completed. Since (g>) implies (g1), we may consider A € A = [cp, c1] and u € (0, §1)
from (i), i.e., the functional &, ,, has at least two local minima ”i,w ”i,u es.

In order to establish the existence of the third solution, we prove that &, ,, is still coercive for A € A and u small
enough. Condition (g») implies the existence of a constant m > 0 such that

|G(s)} < m|s|2 +m|s| foreverys eR.
This inequality yields that
G| <mC3 o llullf +mCzellulla- (18)

Let 8, = min{8;, 2 'm~1(1 + A)—lcgjc} and fix u € (0, 82). Using (6) and (18) we get that

Enp ) > ( - MmC§,20> el = (AC1.20 max [ £0)] + pmCP )

2(14+A) lt1<80

Due to the choice of 85, it follows that the functional &, , is coercive. Thus, as in Lemma 3.2, £, , satisfies the
(PS)-condition whenever A € A and u € (0, 83).
For A € A and 1 € (0, 82) fixed, let us consider the set I} ;, of continuous paths w : [0, 1] — Di’z(.Q) joining u}\)ﬂ

and u% w and define the minimax value

cpp= 1Inf max & ,(w(t)).
K wern, ref01] n(w®)

Combining [8, Theorem 1] and [8, Corollary 1], there exists a third critical point ui u € D}l’z(s?) for &, which is

1

different from u; , and ”%»,u and 5?~,M(”i,u) =Chpu-

A
It remains to find a norm estimate for ui . Aswe did in (i) for ul M and ui w respectively. To complete this, let us

fix the path wo € I}, , defined by
wo(t) = (1 — Duj , +tu; , forallz €0, 1].

Note that for all ¢ € [0, 1] we have ||wo(?)]ls < vi. Consequently, due to (5) and (18) we have

Enu(wo)) < 5 AF (wo®) |+ |G (wo )]

1
— +
llwo ()12
1 2 2 2 2 2

< Evl +c1MC2’2bv1 +c1MCq vy +81mC2’2cv1 +6mCq v =: K.
Therefore,

5&#(”%,#) =Ciu S tes[l(l)Pl]gk,#(U’O(t)) < K.

Now, we introduce for every u € [0, §2] the set
Zy={ueD(2): & ) < K}
Then, for every A € A and p € (0, 62) we have
;2= ) zuc |J Znc2oUzs,.
ne(0,82) nel0,62]

On the other hand, the coercivity of &, impljes the boundedness of the set Z C Zy U Zs,. Therefore, there exists
v > O such that |lu||, < v forallu € Z. Thus ””j\,M”“ < max{vy, v} =: v (i € {1, 2,3}). This concludes the proof. O
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