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In this paper we study a non-homogeneous Neumann-type problem which involves a
nonlinearity satisfying a non-standard growth condition. By using a recent
variational principle of Ricceri, we establish the existence of at least two non-trivial
solutions in an appropriate Orlicz—Sobolev space.

1. Introduction and the main result
In this paper we consider the problem
—div(a(|Vu(x))Vu(z)) + a(Ju(z))u(z) = Af(z,u(x)) for z € 2,
(1.1)
%(m) =0 for = € 012,

where {2 is a bounded domain in RV, N > 3, with smooth boundary 92, v is
the outer unit normal to 9f2, while f : 2 x R — R is a Carathéodory function,
and \ is a positive parameter. Throughout this paper we assume that the function
a: (0,00) — R is such that the mapping ¢ : R — R defined by

a(|tt for t #0,
t) = 1.2

o(t) {0 for t =0, (12)
is an odd, strictly increasing homeomorphism from R onto R.
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Equation (1.1) has been widely studied in the homogeneous case when a(t) =
t?=2 p > 1, which corresponds to a problem involving the classical p-Laplacian
(see [4,6,11,31]). The purpose of this paper is to consider (1.1) in the aforementioned
general framework, when the nonlinear term f satisfies a non-standard growth Change ox?
condition at infinity. To be more precise, we first introduce the functions

/ o(s)ds, d*(t / ¢ '(s)ds foralltecR. (1.3)
We observe that @ is a Young function, that is, #(0) = 0, ¢ is convex and
lim &(t) = 4o0.
t—o0 Here and elsewhere
some equations
Furthermore, since &(t) = 0 if and only if ¢ = 0, pave boen displayed
breaks — OK?
D(t D(t
lim Q =0 and lim Q = 400,
t—0 ¢ t—oo ¢

then @ is called an N-function. The function @* is called the complementary func-
tion of @ and it satisfies

&*(t) = sup{st — P(s);s > 0} forallt>0.
We observe that @* is also an N-function and the following Young inequality holds: Changes to
st < P(s) +P*(t) for all s,t > 0.

Throughout this paper we assume that

1<hm nf ¢(t)<* to(t)

R e ST e < (%)

Due to assumption (®g), we may define the numbers

o) to(t)
A rol - £ )

Note that for a(t) = t?~2, p > 1, one has py = p° = p.
On the nonlinearity f : 2 x R — R we will assume that

(f0) there exist cg > 0 and 0 < s < pg — 1 such that |f(z,t)| < co(1 + |¢|¥) for
every (z,t) € 2 x R,

(f1) there exists b € R such that
B :/ F(z,b)dz > 0,
2

where F(x,t) fo f(z,w)dw, t € R,

(f2) there exists 0 > 0 such that f(x,t)t <0 for every x € 2 and t € [, d].
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Roughly speaking, the growth of f(z,-) is (po — 1)-sublinear at infinity (see (f0)).
In this setting, the presence of the eigenvalue A > 0 in (1.1) is indispensable.
Indeed, if we analyse even the simplest case a(t) = 1 that corresponds to the
Laplace equation and we assume that f(z,-) is uniformly Lipschitz with Lipschitz
constant L > 0 (uniformly for x € 2), then (1.1) has only the trivial weak solution
whenever A\ < L~!. Moreover, (f2) implies in particular that f(z,0) = 0 for every
x € (2; thus, u = 0 can always be considered a solution of problem (1.1). However,
assuming finally that

og(2(t))

o]
N<p0<hg1012f og(t) (®1)

we may prove the following multiplicity result.

THEOREM 1.1. Assume that (®o) and (®1) hold and that the function [0,00) >
t = ®(\/1) is conver. Let f : 2 x R — R be a Carathéodory function which satisfies
(10)-(12).

Then there exist a non-empty open interval A C (0,20(b)|2|Bp") and > 0 such
that for any A € A problem (1.1) has at least two non-trivial weak solutions whose
norms are less than .

The precise notion of weak solutions for (1.1) will be given in §2. This step
will be possible by introducing an Orlicz—Sobolev space setting, due to the fact
that the operator in the divergence form is non-homogeneous. In particular, in the
homogeneous (p-Laplace operator) case, theorem 1.1 extends known results (see,
for instance, [4,6,31]); moreover, we give an estimate to the interval A C (0,00)
where problem (1.1) has at least two non-trivial weak solutions.

On the other hand, we point out that it is possible for the technical assumption,
i.e. the function [0,00) > ¢t — @(v/1) is convex, not to be a necessary condition.
Actually, it will be used in the proof of theorem 1.1 in order to obtain a Clarkson-
type inequality for the function @, i.e.

;M)@(|vu|)dx+/ngzs(|w)dx]

2/45 Vu+ Vv da:+/d5 Vu — Vo
%) 2 2 2

for any u,v € W'Lg(2), where W'Lg(2) is an Orlicz—Sobolev functional space
that will be defined in the next section. Obviously, inequality (1.4) extends the
classical Clarkson inequality, obtained for the homogeneous function &(t) = P
with p > 2 (see [21] for more details). Unfortunately, at this stage we cannot say
firmly whether an inequality of type (1.4) can be stated for a class of functions
which do not satisfy the fact that ¢ — @(1/t) is convex. Since, for the moment, the
above quoted condition is the only one that we have found in the literature to yield
to inequalities of type (1.4), we have inserted it in the hypotheses of theorem 1.1
instead of the assumption that the function @ satisfies inequality (1.4). The necessity
of the condition remains an open question.

The first general existence result using the theory of monotone operators in
Orlicz—Sobolev spaces was obtained by Donaldson [9] and Gossez [13,14]. Other

) dr  (1.4)
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recent works that put the problem into this framework include [7,8,12,15,22,25-27].  Change OK (these

are the works) or

In these papers, the existence results are obtained by means of variational tech- (are given i
niques, monotone operator methods or fixed-point and degree theory arguments. therein)?
Concerning the boundary-value problems with Neumann boundary condition, we
point out the existence and multiplicity results obtained by Halidias and Le [16].

In the next section we recall some basic facts on Orlicz—Sobolev spaces; we will ~ Changes to

sentence OK?
prove theorem 1.1 in the last section.

2. Orlicz—Sobolev setting

Let ¢ : R — R and &, 9" be as in (1.2) and (1.3), respectively. The Orlicz space
L (£2) defined by the N-function @ [1,2,7] is the space of measurable functions
u : {2 — R such that

lulz, = sup{/ wwdas [ 0 (l)do < 1} .
(93 (9]

Then (Lg(£2), || - ||25) is a Banach space whose norm is equivalent to the Luxemburg

norm
lullo :=inf{k>o; /¢(u($g)>dx<1}.
0 k

For Orlicz spaces, Holder’s inequality reads as follows (see [29, inequality (4), p. 79]):
/ wde < 2|ul|pyl|v]|L,.  for all u € Le(f2) and v € Lgs (£2).
fo)

We denote by W'Lg(£2) the corresponding Orlicz—Sobolev space for problem
(1.1), defined by

W'Le(2) = {u € Lo (9); % € Lo(9), i=1,.. N}

This is a Banach space with respect to the norm
lullie = [IVullle + [lulle

(see [2,7,13]). The spaces Lg(f2) and W'Lg(£2) are studied in depth in [1,2, 19, Ohsnges to
23,29]. These spaces generalize the usual spaces LP(£2) and W1P(£2), in which the
role played by the convex mapping ¢+ || is assumed by a more general con-

vex function @(t). One of the main features of Orlicz—Sobolev spaces is that they

fill a gap in the classical theory of Sobolev embeddings. Indeed, if kp = N and

p > 1, then WkP(§2) is continuously embedded into L7(£2) for any p < ¢ < oo,

but there is no smallest target L? space for these embeddings, in the sense that

WHhP(02) ¢ L*°(£2). However, if the class of target spaces is enlarged to contain

Orlicz spaces, then, as shown in [32] (see also [17]), the best such target space

is Lg(£2), where &(t) = exp(|t[/(P=D) — 1. This inequality has been extended to

Lorentz spaces by Maly and Pick [24]. We also point out that many properties of

Sobolev spaces have been extended to Orlicz—Sobolev spaces by Donaldson and

Trudinger [10].
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We say that u € W!Lg(02) is a weak solution for problem (1.1) if
/ a(|Vu|)VuVo dx—l—/ a(|u|)uvdx—)\/ f(z,u)vde =0 for all v € W' Lg(92).
2 Q 2

Hypothesis (®g) is equivalent with the fact that @ and &* both satisfy the As-
condition (at infinity) (see [2, p. 232] and [7]). In particular, both (@, 2) and (*, £2)
are A-regular (see [2, p. 232]). Consequently, the spaces Lg(§2) and W!Lg(2) are
separable, reflexive Banach spaces (see [2, pp. 241, 247]).

REMARK 2.1. Using lemma D.2 of [7] it follows that W!'Lg(£2) is continuously
embedded in WP (§2). On the other hand, since we assume that py > N, we deduce
that W1Po(£2) is compactly embedded in C(£2). Thus, we deduce that W' Lg(£2) is
compactly embedded in C(£2). Defining |ul|oc = sup,cg [u(z)|, we find a positive
constant ¢ > 0 such that

[ulloo < cllullre for all u € WLy (£2).

We point out certain useful properties regarding the norms on Orlicz—Sobolev
spaces.

LEMMA 2.2. On W1Lg(92) the norms

lullie = [[Vullle + [[u]ls,

[ull2. = max{|[|Vull|s, [lu]l2},

ull :inf{u > o;/ﬂ [@('“f”) +¢<'V1ﬁm)'ﬂ dr < 1}

are equivalent. More precisely, for every u € W'Lg(£2) we have

Jull < 2ful

2.0 < 2[|ullie < 4fuf.
Proof. First, we point out that || - ||1,¢ and || - ||2,¢ are equivalent, since
lull2.e < |Jullie < 2||ull2.e for all u € W'Lg(£2). (2.1)

In the following, we assume that u # 0. We remark that

/ﬂ@(mﬁg) dz < 1, /Qqs(m) dr < 1 (2.2)
/(Z[ﬁb('um)')Jr@(VHI:L(T)'ﬂdng (2.3)
By (2.3) we obtain

/(Zgﬁ(llﬁif”)dxgl and /Qqs<|wif|”|3)|)dx<1.

Taking into account the way in which || - ||¢ is defined, we find

N

and

lullie = || Vullle + [[ulle < 2[ul| for all u € W'Lg(2). (2.4)

Change OK?
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On the other hand, since

to(t
P(t) < o) for all ¢t > 0,
Po

with pg > N, by [8, lemma C.4(ii)] we deduce in particular that
&(2t) > 2P(t) forall t > 0.

Thus, we deduce that, for all u € WlLg(92), z € (2, Changes to

sentence OK?
20 JHOL) oL g g [T g I
2|[ull2,0 [ull2,0 2([ull2, [ull2,0

It follows that

o leaiee) 2 (i) < 2UL G ) -2 (s ) )

(2.5)

But, since

lullz.e > [lule and [ul2a > [[[Vullls for all u € W' La(£2),

we get
[u(@)] > [ulz) d [Vu()] > [Vu(z)l for all u € W'Lg(02),z € 2. (2.6)
lulle ~ [lull2.e [IVaullle = [lull2.e

Taking into account the fact that & is increasing on [0, 00), by (2.5), (2.6) and (2.2),
we get

Joleaite) w2 (i) -2 i) )

<1

9

for all u € W!Lg(£2). Thus, we conclude that
lul| < 2||ull2.6 for all u € W'Lg(82). (2.7)
By relations (2.1), (2.4) and (2.7) we deduce that lemma 2.2 holds. O

LEMMA 2.3. The following relations hold:

/Q[q'5(|u($)\) + &(|Vu(z)])] dz = [Jul|Po for all u € W' Lg(£2) with ||ul| > 1,
/Q[@(|u(x)\) + &(|Vu(z)])] dx > Hu||p0 for all w € W' Lg(82) with ||ul| < 1.

Proof. First, assume that |lul| > 1. Let 3 € (1, ||ul|). By [8, lemma C.4(ii)] we have e o e
product here and
elsewhere? Please

[@( Iu(x)|> N QB(WUWH dr > ro.  Bamima
ﬂ /6’ multiplication and
may be deleted.

/Q[@(W(JJ)D—F@(\VU(QC)D] dx > BP0 /

2
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Letting 8 7 ||ul|, we find
/ [@(|u(z)]) + (| Vu(x)])] dz > ||ul|P>  for all u € W' Lg(82) with [jul| > 1.
2

Next, assume that ||u|| < 1. Let £ € (0, |[u||). By the definition of pY, it is easy to
prove that

B(t) = 7' d(t)7) forallt>0, 7€ (0,1).

Using the above relation we have

@(|u(2))) + (Vu) ) dz > & - [ o @) L g(VUDIN] 4, (28)
/. f 1o :

Defining v(z) = u(x)/€ for all z € 2, we have ||v|| = ||u||/¢ > 1. Using the first
inequality of this lemma we find

/Q (@) + S(Vo(@)] dz > ol > 1. (2.9)

Relations (2.8) and (2.9) show that

(0]

| @(u@) +2(Va@)lde > ¢
Letting £  |Ju]| in the above inequality, we obtain
/9[95(|u(x)\) + @(|Vu(z)])] da > Hu||pO for all u € W' Ly (82) with |Jul] < 1.
The proof of lemma 2.3 is complete. O

3. Proof of theorem 1.1

The key argument in the proof of our main result is a three-critical-point theorem
due to Ricceri [30]. This result is widely applied to solve various elliptic problems;
we refer the reader to [4-6,20,31]. Ricceri’s result goes back to an elementary prop-
erty established by Pucci and Serrin (see [30, theorem 3]) which asserts that if a
functional of class C'' defined on a real Banach space has two local minima, then
it has a third critical point. This is an auxiliary result related to a problem of
Rabinowitz [28], who raised the question whether critical points of mountain-pass
type must necessarily be saddle points. To the best of our knowledge, the first three-
critical-point property was found by Krasnoselskii [18]; he showed that if f is a coer-
cive C! functional defined on a finite-dimensional space having a non-degenerate
critical point zq (that is, the topological index ind f'(x()(0) is different from zero)
which is not a global minimum, then f admits a third critical point. This result
was extended to infinite-dimensional Banach spaces by Amann [3].

We recall in what follows a sharper version of Ricceri’s theorem, which is due to
Bonanno (see [5, theorem 2.1]).

THEOREM 3.1. Let E be a separable and reflexive real Banach space and let J, I :
E — R be two continuously Gateaux differentiable functionals. Assume that there
exists ug € E such that J(uo) = I(ug) =0 and J(u) = 0 for every u € E and that
there exists uy € E, r > 0 such that

Changes to
sentence OK?

‘non-zero’?
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(i) r < J(u1),

(i) sup (<, I(u) <7(I(u1)/J(u1)).
Furthermore, set
(r
r(I(u1)/J(ur)) = supyeuy<, I(u)’
with ¢ > 1, and assume that the functional J — A is sequentially weakly lower
semicontinuous, satisfies the Palais—Smale condition and

(iii) limyy)— oo (J(u) — M (u)) = +00 for every A € [0,al.

a =

Then, there exist a non-empty open interval A C [0,a] and a number p > 0 such
that, for each X € A, the equation J'(u) — A\I'(u) = 0 admits at least three solutions
in E having the norm less than p.

From now on, we assume that the hypotheses of theorem 1.1 are satisfied. Let E =
W'Lg(£2) be the Orlicz—Sobolev space from §2. We further define the functionals
J,I: E— Rby

() = / (@(Vul) + &(|u)) de and  I(u) :/ Fla,u(2)) d.
Q Q
Similar arguments as those used in [12, lemma 3.4] and [7, lemma 2.1] imply that

J,I € CY(E,R) with the derivatives given by

<J/(u),v>:/ a(|Vu|)Vqudm+/ a(|ul)uv dz,

2 n
(I'(u), v) = /Q Fl,u)o dz

for any w, v € E. Let us observe that u € E is a weak solution of equation (1.1) if
there exists A > 0 such that u is a critical point of the functional J — AI. Therefore,
we can seek for weak solutions of problem (1.1) by applying theorem 3.1. In the
following, we will verify all the hypotheses of theorem 3.1. In order to this, we first
prove the following lemma.

LEMMA 3.2. J' : E — E* has a continuous inverse operator on E*.

Proof. We will use [33, theorem 26.A(d)]; namely, it is sufficient to verify that J’
is coercive, hemicntinuous and uniformly monotone.
Indeed, since @ is convex it follows that J is also convex. Thus, we have

J(u) < (J'(u),u) forallueE.
By lemma 2.3 it is clear that for any v € E with |lul| > 1 we have
(. _ I

> [ul[Po~t
full 7 ull ~
Thus,
(J'(u),w)
lull oo [Jull ’

i.e. J' is coercive.

Changes to
sentence OK?
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The fact that J’ is hemicontinuous can be verified using standard arguments.
Finally, we show that J’ is uniformly monotone. Indeed, since @ is convex, we
have

(| Vu(z))) < qﬁ(‘w ) + a(|Vu(z)|) Vu(x) - w
and
2(|Vu(2)]) < ¢(‘W ) + a(|Vo()) Vo(z) w

for every u,v € E and z € {2. Adding the above two relations and integrating over
2 we find

1/ (a(|Vu])Vu — a(|Vv])Vv) - (Vu — Vo) dz
Q

2
>/ ¢(|vu|)da:+/ ¢(|vu|)dx—2/qs<’w’
%) Q o 2

for any u, v € E.
On the other hand, since @ : [0,00) — R is an increasing, continuous function
with @(0) = 0, and t +— &(\/1) is convex, we deduce by [21] that

;{/Q@ﬂVuDder/Q@ﬂVv)dz]

2/ ¢<‘Vu+Vv
0 2
for any u, v € E.

By (3.1) and (3.2) it follows that

) dz  (3.1)

)dx+/¢(‘VU—VU
0 2

) de  (3.2)

(a(|Vu|)Vu — a(|Vv|)Vv) - (Vu — Vv) da
I,
A

u—v

> dz for all u,v € E. (3.3)

Similarly,

/Q(a(|u|)u—a(|v|)v)'(u—v)dm>4/ﬂd5(

Relations (3.3) and (3.4) yield

) de for allu,v € E. (3.4)

(J'(u) — J'(v),u— v) > 4J<“ 3 “).

Define the function « : [0,00) — [0, 00) by

1 =1 for ¢
ot) = 55575 o1 ;

Equality permitted
in both cases — OK?
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Tt is easy to check that « is an increasing function with a(0) = 0 and lim;_, o a(t) =
00. Taking into account the above information and lemma 2.3, we deduce that

(J'(u) — J' (v),u—v) = a(lu—2])-|lu—2| foraluvekE,
i.e. J' is uniformly monotone, which concludes our proof. O
Now, we will verify the hypotheses of theorem 3.1 in three steps.

STEP 1. For every A > 0, the functional J — AI is coercive, i.e. (iii) is verified.
Indeed, by lemma 2.3 we deduce that for any v € E with ||ul| > 1 we have
J(u) = ||ul|Po. On the other hand, by (f0), there exists ¢; > 0 such that

/ F(z,u(z))dz < ¢ (/ (Ju| + [ul* ™) dz < e1] 2] (||ulloo + |Jul|FY)  for all u € E. Moy unmatcnea
17 2

opening parenthesis
be deleted?
Otherwise please

Since E is compactly embedded into C(£2) (see remark 2.1), due to lemma 2.2, it ~cpesest where

closing parenthesis

follows that there exists ¢y > 0 such that should be added.
J(u) — M () = |JulPo — Xea| 2| (||ul| + |[[u]|*T!)  for all u € E.
Since 1 < s+ 1 < py, it follows that

(J(u) — M(u)) =00 for all A > 0;

llull—o00
thus (iii) is verified.

STEP 2. For every A > 0, the functional J — A is sequentially weakly lower semi-
continuous and satisfies the Palais—Smale condition.
The fact that E is compactly embedded into C(f2) implies that the operator
I' : E — E* is compact. Consequently, the functional I : X — R is sequentially
weakly continuous (see [34, corollary 41.9]). On the other hand, the convexity of
J : X — R implies the sequentially weak lower semicontinuity of J. This proves Change ox?
the first part.
Combining step 1, lemma 3.2 and the fact that I’ : E — E* is compact, we obtain
that J — A satisfies the Palais—Smale condition (see [34, example 38.25]).

STEP 3. Let 0 < r < min{1, (6/2¢)?", ®(b)|£2|} and u;(z) = b € E. Then (i) and
(ii) are verified.

First, we observe that b # 0 (which appears in (f1)). Therefore, #(b) = $(—b) > 0,
i.e. one may choose r > 0 as above. Now, we have

J(uy) = /Q (@(| V) + B(Jua ) da = /Q@ubn — 3(b)|2] > 1,

i.e. (i) is verified.
Now, let J(u) < r. Then, by lemma 2.3 (and r < 1), we have |jul[?” < J(u) < r.
Therefore, |lul < d/2c. By remark 2.1 and lemma 2.2, we have Change OK?

[u(z)| < |Julloo < cllullie < 2¢|lul| <6 for all z € 2. (3.5)
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On the other hand, by (f2), we have that

Fa,t) = Fla,t) — F(x,0) = f(z, 08)t = %f(m,@t)&t <0 (with 6 e (0,1))

for every x € 2 and ¢t € [—¢,0]. Consequently, for every u € FE, complying with
J(u) < r, we have

I(u):/QF(x,u(x))deO

(see (3.5)); thus,

sup I(u) <O0. (3.6)
J(u)<r
But, by (f1), we have
I(uy) rBp

T 0,

= >
J(ur) — B(b)|42
which proves (ii).

Proof of theorem 1.1. Tt is clear that I(0) = J(0) = 0 and J(u) > 0 for every

u € E. Choosing up = 0 and taking into account steps 1-3, all the hypotheses of
theorem 3.1 are verified. Setting

2r
r(I(ur)/J(u1)) = sup sy < 1(u)’

there exist a non-empty open interval A C [0,a] and a number p > 0 such that, for
each A € A, the equation J'(u) — AMI'(u) = 0 admits at least three solutions in E
(thus, at least two non-trivial weak solutions for (1.1)) having the norm less than
u. Moreover, due to (3.6), we have

a =

_ 2r 2J(u1)  22(b)|02|
a < = = ,
r(I(ur)/J(w))  I(u1) Bp
which completes the proof of theorem 1.1. O

EXAMPLE 3.3. Let us consider the problem

i (YUl Vu |ulP~?u a(@)
div (log(l +|Vul) + Tog(1 + [u]) An(l + (u —Lul™) for x € £,

@ =0 for z € 042,
ov
B (3.7)
where p is a real number such that p > N+1 and g € C({2) satisfies 2 < g(z) < p—1
for any x € {2 and uy = max(u,0).
We define
[t~

o) = T 1)

t fort#0and $(0) =0

and

Qi(t):/o o(s)ds.

Change OK?
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An easy computation shows that the function [0, 00) > t — ®(1/%) is convex. More-
over, by [8, example 3, p. 243] we have

po=p—1<p’=p=Iliminf 7105;(@15(15)).
t—oo  log(t)

Thus, conditions (®y) and (P;) are verified.

Now we define the function f: 2 x R — R by

fz,t) =In(1+ (¢t — 1)tzr(z)) for all x € 2 and ¢t € R.

Then F': 2 x R — R is given by

F(a,t) = tIn(1 + (t — D)%) = (q(x) + )t

ty _ q(=)
q(z) +1—s
—I—/O T4 s0@+ — 5@ ds forall x € 2 and t € R.

Clearly, f is a Carathéodory function and (f0) is satisfied by choosing s = 1. More-
over, for sufficiently large b > 0, (f1) is also verified. Finally, (f2) is verified for
0 = 1. Counsequently, we can apply theorem 1.1, and hence problem (3.7) has at
least two non-trivial solutions for certain eigenvalues A > 0.
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