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ABSTRACT. We consider nonlinear elliptic problems driven by the p-Laplacian
with a nonsmooth potential depending on a parameter A > 0. The main
result guarantees the existence of two positive, two negative and a nodal (sign-
changing) solution for the studied problem whenever A belongs to a small
interval (0,A*) and p > 2. We do not impose any symmetry hypothesis on
the nonlinear potential. The constant-sign solutions are obtained by using
variational techniques based on nonsmooth critical point theory (minimization
argument, Mountain Pass theorem, and a Brézis-Nirenberg type result for C'!-
minimizers), while the nodal solution is constructed by an upper-lower solutions
argument combined with the Zorn lemma and a nonsmooth second deformation
theorem.

1. Introduction. Let Z C RY be a bounded domain with C2-boundary 97 and
consider the nonlinear elliptic problem

_Apx(z):f(‘z’I(z)v)‘)a z € Z; 0
{ x|,9Z :O7 (P)\)

where 1 < p < o0, Ap(+) = diV(HD(-)Hﬁ;?D(-)) is the p-Laplacian, f : Z x R x
(0,A) — R is a nonlinear function, A € (0, \) being a parameter.

The aim of this paper is to prove multiplicity results for problem (PY), establish-
ing precisely the sign of the solutions. We emphasize that we do not impose any
symmetry hypothesis on the nonlinearity f. Moreover, our study includes the case
when the function = — f(z, 2, \) has jumping discontinuities away from the origin.
However, in order to materialize the type of results we obtain, let us consider here
the z-independent (autonomous) case, i.e., f : R x (0,\) — R, and assume for the
moment that f is continuous. We further assume that
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(f1) for all (x,\) € R x (0, )\), we have
[f(z, )] < a(A) +clz["7

with @ € L>=(0,\) 4, limy .oa(\) =0,c >0, p <r < p*;

(f2) A2 < lim,_o III(;E é)z < +oo for every A € (0,)) (here, Ay > 0 is the second

cigenvalue of (—A,, Wy?(Z)));
(f3) for every A € (0, \) there exist M = M()\) >0 and p = pu(\) > p such that

0 < puF(x,\) < f(x,\)z forall |z] > M,

where F(z,\) = [ f(s,\)ds;
(f1) for all (z,)\) € R x (0, ), we have f(z,\)z >0 (sign condition).

As a simple consequence of our main result (Theorem 4.2), we obtain the following

Theorem 1.1. Let f : R x (0,\) — R be a continuous function which satisfies
(f1) — (f1) and 2 < p < oo. Then, there exists \* € (0,\) such that for every
A€ (0,\*), the problem

{ —Npx(z) = f(x(2),N), z€Z;

/
x|6Z — 0’ (P)\)

has at least five nontrivial smooth solutions; namely, two positive, two negative, and
a nodal (sign-changing) solution.

A simple (non-odd) function f : R x (0, A) — R fulfilling the hypotheses (f1) — (f1)
is
_ Oy [efP~2, ifal < A
fan =@+ { QT I

with Ay < C1,0< Co, 2 <p <7 < p*, and g(\) = AP~1[C] — C2A""P]. On the other
hand, if g : (0,\) — R is any continuous function, different from the above choice,
f will not be continuous. In such a case, (P5) need not have a solution which is
not satisfactory for our purpose. In order to overcome this difficulty, we ’fill in the
discontinuity gaps’ of f by a well-chosen interval. In the sequel we describe roughly
this procedure in the framework of the initial problem (P?).

We assume that « — f(z, 2, A) has jumping discontinuities and f fulfills certain
measurability and boundedness conditions which will be specified later (for details,
see hypotheses (Hy)). We replace f(z,z,\) by an interval [fi(z,z, \), fu(z, z, A)],
where

filz,x, A) =liminf f(2,2",A) and fu(z,2,A) = limsup f(z,2, \).

In this way, instead of (PY) we are dealing with a set-valued problem The as-
sumptions on f allow us to define the function j(z,x,\) fo (z,8,\)ds, and
x — j(z,x,\) becomes locally Lipschitz. Moreover, the generahzed subdlfferentlal
of j(z,-,A) (in the sense of Clarke) is 0j(z,x,\) = [fl(z,:b,/\),fu(z,x,/\)] for every
x € R. (For details, see Remark 5.) This fact motivates the formulation of the dif-
ferential inclusion problem (or, hemivariational inequality), whose study constitutes
the main objective of our paper:

{ —Apx(z) € 0j(2,2(2),\), z€ Z;

P
I|3Z:O. ( >\)
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We emphasize that hemivariational inequalities are used in the study of problems
with discontinuities (see Chang [12], Gasitiski-Papageorgiou [26]), as well as in var-
ious engineering problems in which the corresponding energy (Euler) functional is
nonsmooth and nonconvex. For various applications, we refer reader to Motreanu-
Panagiotopoulos [40], Motreanu-Radulescu [39], Naniewicz-Panagiotopoulos [41],
and references therein.

Recently, multiplicity results for the p-Laplacian without any symmetry condition
on the continuous right hand side nonlinearity f in (Py) were proved by Jiu-Su [31],
Liu [36], and Liu-Liu [37], using Morse theory (critical groups). Their multiplicity
results do not provide any information about the sign of the solutions.

The existence of multiple positive solutions in the recent decades was investigated
primarily in the context of semilinear problems (i.e., p = 2). We mention the papers
of Amann [1], Dancer [16], Dancer-Du [17], Lions [35] and references therein. For
problems driven by the scalar ordinary p-Laplacian, we have the works of De Coster
[22], Filippakis-Papageorgiou [24] and He-Ge [29]. For problems driven by the
partial p-Laplacian, we refer the reader to the works of Ambrosetti-Garcia Azorero-
Peral Alonso [3], Cammaroto-Chinni-Di Bella [8], Garcia Azorero-Manfredi-Peral
Alonso [25], Kyritsi-Papageorgiou [32] and Motreanu-Motreanu-Papageorgiou [38].
In Ambrosetti-Garcia Azorero-Peral Alonso [3] and in Garcia Azorero-Manfredi-
Peral Alonso [25], the right hand side nonlinearity has the form \|z|9~ 2z + |z|" 2«
with 1 < g < p <r < p*, A > 0, and the authors prove the existence of \* > 0
such that for all A € (0, \*) the problem has two positive solutions. In [3], the
authors used the radial p-Laplacian and the main tool in their method of proof is
the Leray-Schauder degree theory. In [25], Z C RY is an arbitrary bounded domain
with a smooth boundary and the approach is variational. Cammaroto-Chinni-Di
Bella [8], under a different set of rather technical hypotheses involving oscillatory
nonlinearities near the origin, produce a whole sequence of small positive solutions
which converges uniformly to zero. Their method of proof is completely different
than those of [3], [25], and is based on an abstract variational principle of Ricceri
[42]. Finally, Kyritsi-Papageorgiou [32] and Motreanu-Motreanu-Papageorgiou [38]
considered problems with nonsmooth potentials (hemivariational inequality) which
are non-resonance, resonance and near resonance at the principal eigenvalue \; > 0.
They handled the problem by using nonsmooth critical point theory.

The question of nodal (sign-changing) solutions has been investigated in detail in
the semilinear case (p = 2). We mention the works of Dancer-Du [18, 19, 20], Dancer-
Zhang [21], Li-Wang [33, 34] and Zhang-Li [46] (see also the references therein).
Roughly speaking, from these works emerged two approaches to the problem: (a)
combining the method of upper-lower solutions with variational techniques (see
Dancer-Du [18, 19, 20]); (b) using invariance properties of the negative gradient
flow associated to a well-chosen pseudo-gradient vector field (see Bartsch-Liu-Weth
[5], Dancer-Zhang [21], Li-Wang [34], Zhang-Chen-Li [45], and Zhang-Li [46, 47]).
Recently, Carl-Motreanu [9] and Carl-Perera [10] extended the work of Dancer-Du
[19] to a nonsmooth setting which involves the p-Laplacian. The hypotheses in
Carl-Motreanu [9] were given in the terms of the principal eigenvalue A; > 0 as
well as the Fudik spectrum of the p-Laplacian. Carl-Perera [10] assumed that the
studied problem admits an ordered pair of upper and lower solution.
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Note that none of the aforementioned multiplicity results for p-Laplacian pro-
duced five nontrivial solutions with precise sign (in smooth or nonsmooth con-
text). Clearly, here we mean that the right hand side has no symmetry proper-
ties; otherwise, as usual, if one assumes that the nonlinear term is odd, a suitable
adaptation of the Lusternik-Schnirelmann theory produces infinitely many posi-
tive/negative/nodal solutions. In the best case however, the authors obtain three
solutions: a positive, a negative and a nodal solution (see Bartsch-Liu [4], Bartsch-
Liu-Weth [5], Carl-Motreanu [9], Zhang-Chen-Li [45], and Zhang-Li [47]). Our main
result complements [5], [9], [45] and [47] also from the point of view of the nonlin-
earity. In [9, 45, 47], the authors considered asymptotically (p — 1)-linear problems
(at infinity), while we are dealing with a superlinear (and subcritical) problem at
infinity, see the Ambrosetti-Rabinowitz type hypothesis (f3) (or (Hf)(v) below). In
[5], the authors assumed that limsup, o |f(z, 2, A)|/|z[P~! < A1 uniformly for a.a.
z € Z (and all A > 0); here, we require Ay < liminf, ¢ |f(2,2,))|/|z|P~! uniformly
for a.a. z € Z (see (Hy)(iv), (vi), or (f2), (f1), respectively).

Our strategy is to employ variational techniques based on the nonsmooth crit-
ical point theory (see for instance Gasinski-Papageorgiou [26]), together with the
method of upper-lower solutions, which are constructed using the hypotheses on
the nonsmooth potential. Our method of proof is closer to that of Dancer-Du [19]
and Carl-Perera [10]. In this process, valuable tools are the nonsmooth version of
the second deformation lemma (theorem) due to Corvellec [14] and an alternative
variational characterization of the second eigenvalue Ay > 0 of (=, W, *(Z)), due
to Cuesta-De Figueiredo-Gossez [15].

In the next section we recall various notions and results which will be used later.
In §3, we first prove the existence of two constant-sign solutions for problem (P ),
see Theorems 3.1. Next, by means of a careful modification of the energy functional
associated with (Py) we prove the existence of two more solutions for problem (Py)
with constant sign whenever p > 2, see Theorem 3.2. Finally, in §4, besides of the
constant-sign solutions, we prove the existence of a nodal solution for problem (Py)
by using the Zorn lemma and the second deformation theorem.

2. Mathematical background. The nonsmooth critical point theory, which will
be used in the variational techniques, is based mainly on the subdifferential theory
for the locally Lipschitz functions. We first recall some basic notions from this
theory.

Let X be a Banach space. By X* we denote its topological dual and by (-, -) the
duality bracket for the pair (X*, X). If ¢ : X — R is a locally Lipschitz function,
the generalized directional derivative ¢°(x;h) of ¢ at x € X in the direction h € X,
is defined by

/ _ /
<p0(x;h) = limsup p(a’ +Ah) — gl )

/' —x;A—0F A

It is easy to see that h +— ¢"(x;h) is sublinear continuous and so it is the support
function of a nonempty, convex and w*-compact set dp(x) C X* defined by

Op(x) = {x* € X*: (x*,h) < °(x;h) for all h € X}.

The multifunction x — dp(x) is called the generalized subdifferential of ¢. Note that
if o : X — R is continuous convex, then ¢ is locally Lipschitz and the generalized
subdifferential of ¢ coincides with the subdifferential in the sense of convex analysis,
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given by
Ocp(z) ={a" € X" : (2",y — z) < o(y) — p(z) forallyec X}.

Also, if p € C1(X), then clearly ¢ is locally Lipschitz and d¢(z) = {¢'(z)}. We say
that © € X is a critical point of ¢, if 0 € Op(z); in this case, ¢ = p(x) is a critical
value of ¢. It is easy to check that if © € X is a local extremum of ¢ (i.e., a local
minimum or a local maximum), then x is a critical point of ¢. Further details on
the subdifferential theory of locally Lipschitz functions can be found in Clarke [13].

Given a locally Lipschitz function ¢ : X — R, we say that ¢ satisfies the
nonsmooth Palais-Smale condition at level ¢ € R (the nonsmooth PS.-condition,
for short), if every sequence {z,}n>1 C X such that p(z,) — ¢ and my,(z,) =
inf{||z*]| : 2* € dp(x,)} — 0 as n — oo, has a strongly convergent subsequence.
We say that ¢ satisfies the nonsmooth PS-condition, if it satisfies the nonsmooth
PSc-condition at every level ¢ € R.

The topological notion of linking sets is crucial in the minimax characterization
of the critical values of a locally Lipschitz function.

Definition 2.1. Let Y be a Hausdorff topological space, Fy, E and D are nonempty,
closed subsets of Y, with Fy C E. We say that the pair {Ey, E'} is linking with D
inY if

(a) EqyN D = ()

(b) for any v € C(E,Y) such that v|g, = id|g,, we have y(E) N D # (.

Using this notion, we have the following general minimax theorem for the critical
values of a locally Lipschitz function (see Gasiniski-Papageorgiou [26]).

Theorem 2.2. Let X be a Banach space, Ey, E and D nonempty, closed subsets
of X such that {Eo, E'} is linking with D in X. Let ¢ : X — R be a locally Lipschitz
function such that supp, ¢ < infp @, and T' = {y € C(E, X) : v|g, = id|g,}, ¢ =
inf ersup,cp @(7(v)), ¢ satisfying the nonsmooth PS.-condition. Then ¢ > infp ¢
and c is a critical value of .

Employing particular choices of linking sets, from the above theorem we may gener-
ate nonsmooth versions of the mountain pass theorem, of the saddle point theorem
and of the generalized mountain pass theorem. For future use, let us state the
nonsmooth mountain pass theorem.

Theorem 2.3. Let X be a Banach space, ¢ : X — R a locally Lipschitz function,
zo,v1 € X, p > 0 such that max{p(xg), p(r1)} < inf{p(x) : ||z — x| = p} =
B, llx1 — xoll > p, and Ty = {y € C([0,1],X) : ¥(0) = zo,v(1) = 1}, ¢ =
infyer, supiepo,1) 9(V(1)), @ satisfying the nonsmooth PSc-condition. Then ¢ > j3
and c is a critical value of .

Remark 1. It is easy to see that Theorem 2.3 can be deduced from Theorem 2.2
if we choose Ey = {xo, 21}, E = [z, z1] = {r € X 1 = two + (1 — t)z1,t € [0,1]}
and D = 0B,(zo) = {z € X : ||z — xo|| = p}.

Definition 2.4. Let X be a Banach space and Y a nonempty subset of X. A
deformation of Y is a continuous map h : [0,1] X Y — Y such that h(0,-) = id|y.
(a) If Z C Y, then we say that Z is a strong deformation retract of Y, if there
exists a deformation h of Y such that h(1,Y) C Z and h(t,x) = x for all (¢t,x) €
[0,1] x Z.
(b) If Z C Y, then we say that Z is a weak deformation retract of Y, if there
exists a deformation h of Y such that h(1,Y) C Z and h(t,Z) C Z for all t € [0, 1].
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Remark 2. Clearly, every strong deformation retract of Y is a weak deformation
retract of Y.

Given a locally Lipschitz function ¢ : X — R and ¢ € R, we define
p<={reX:px)<c} ¢={reX:p) <c} and
K.={zxe€ X :0€dp(x),p(x) =c}
The next theorem is a partial extension to a nonsmooth setting of the so-called
second deformation theorem (see Chang [11, p.23] and Gasiniski-Papageorgiou [27,
p. 628]) and it is due to Corvellec [14]. In fact, Corvellec’s result is formulated in
a more general framework; namely, for continuous functionals (or, even for lower

semicontiuous functionals) on metric spaces. In particular, if X is a Banach space
and ¢ : X — R is continuous, one can define the set

K ={r e X :|dg|(z) = 0,p(x) = c},

where |dp|(x) denotes the weak slope of ¢ at x, see [14]. In the case when ¢ : X — R
is locally Lipschitz, we have

|dip|() > inf{[|2"[| : =% € Op(x)} = my(2),

thus K¥* C K, (with strict inclusion, in general). For our purposes, it suffices a
particular form of the result from [14], which we state next.

Theorem 2.5. Let X be a Banach space, ¢ : X — R a locally Lipschitz function
which satisfies the nonsmooth PS-condition, a € R, b € RU {+o00}, a < b, ¢ has
no critical points in ¢~ (a,b) and K, = K¥ # () is discrete. Then there exists a
deformation h : [0,1] x <0 — ¢©<P of the set <Y such that

(a) h(t, )|k, = id|k, for allt e [0,1];

(b) h(1,9=") C = U Kq;

(c) o(h(t,z)) < @(x) for all t € [0,1] and all z € p=°.
In particular, the set ¢<%U K, is a weak deformation retract of <.

Remark 3. In the corresponding smooth second deformation theorem, the conclu-
sion is that 2 is a strong deformation retract of ¢®\ K (see Chang [11, p. 23] and
Gasinski-Papageorgiou [27, p. 628]).

In the analysis of problem (P)) we will use some basic facts about the spectrum
of the Dirichlet negative p-Laplacian. So, let m € L*°(Z);, m # 0, and consider
the following nonlinear weighted (with weight m) eigenvalue problem

— Npx(2) = dm(2)|z(2)[P22(2) ae. on Z; x|oz = 0. (1)

The smallest number A € R for which problem (1) has a nontrivial solution, is
the first eigenvalue of (—A,, Wy *(Z),m) and it is denoted by A;(m). We know
that A;(m) > 0, it is isolated and also it is simple (i.e., the corresponding eigen-

space is one-dimensional). Moreover, Xl(m) > 0 admits the following variational
characterization

A1(m) = min m:er&’p(Z),x#O . (2)
J, m|z|pdz
In (2) the minimum is attained on the one-dimensional eigenspace corresponding

to A;(m) > 0. Let u; € Wy?(Z) be the eigenfunction such that [, mluyPdz =
1. Evidently, |ui| also realizes the minimum in (2) and so we may assume that
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u1(z) > 0 a.e. on Z. In fact, from the nonlinear regularity theory (see for instance
Gasinski-Papageorgiou [27, p. 738]), we have

u1 € Cy(Z2) ={x € CY(Z) : x|oz = 0}.
The space C3(Z) is an ordered Banach space with order cone
K, ={zc€CyZ):2() >0 forall z € Z}.
We know that

3}
intKy ={x e Ky :2(z) >0 forall z€ Z, and a—x(z) <0 forall z € 9Z}.
n

Here, by n(z) we denote the unit outward normal at z € 9Z. Using the strong
maximum principle of Vazquez [43], we have uy € intK .

The Lusternik-Schnirelmann theory, in addition to Xl(m) > 0, gives a whole
strictly increasing sequence {\,,(m)},>1 of eigenvalues of (—A,, Wy P(Z), m) such
that Xn(m) — 400 as n — oo. These elements are the so-called LS-eigenvalues
of (=, Wy (Z),m). If p = 2 (linear case), then these are all the eigenvalues of
(=2, H3(Z),m). If p # 2 (nonlinear case), we do not know if this is true. However,
since A (m) > 0 is isolated, we can define

As(m) = {\: X is an eigenvalue of (1) and X # Ay (m)} > Ay (m).

Since the spectrum of (—=A,, W, *(Z),m) is a closed set, we deduce that A3 (m) is
the second eigenvalue of (—A,, Wy (Z), m). Moreover, we have

s (m) = Aa(m),

i.e., the second eigenvalue and the second LS-eigenvalue of (=2, W, *(Z),m) co-
incide. So, for the second eigenvalue 5\2(m) we have a variational expression coming
from the Lusternik-Schnirelmann theory. Both eigenvalues A;(m) and Aa(m) ex-
hibit certain monotonicity properties with respect to the weight function m. More
precisely, we have:

(a) If m1(2) < ma(2) a.e. on Z and my # ma, then Ay (ma) < Ay (my);

(a) If my(2) < ma(2) a.e. on Z, then Ay(ma) < Ao(my).
If i = 1, then we write A (1) = A; and Ao(1) = Ao. Recently, Cuesta-De Figueiredo-
Gossez [15] presented an alternative variational characterization of Ao. Namely, let
OB A) = {z e LP(Z) : |||, = 1}, U = WlP(Z) n0BE P and Ty = {y €
C([-1,1,U) : 70(=1) = —u1,70(1) = u1}. Then

— P
e = inf e [D]|3- (3)

We will use (3) in the proof of the existence of a nodal solution for problem (Py).
Finally, let us recall what we mean by upper and lower solutions for problem (Py).

Definition 2.6. (a) An upper solution for problem (Py) is a function 7 € WP (Z)
such that T|pz > 0 and [, | D7||?~ (DT, Dy)g~dz > [, Tydz for all y € Wy P(Z),
y(z) > 0 ae. on Z for some w € L%(Z), u(z) € 9j(z,%(z),)\) a.e. on Z and
1 < 6 < p*. We say that T is a strict upper solution for problem (Py), if it is not a
solution of (Py).

(b) A lower solution for problem (Py) is a function z € W'P(Z) such that
zlpz < 0 and [, || Dz||P~2(Dz, Dy)pvdz < [, uydz for all y € WyP(Z), y(z) > 0
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a.e. on Z for some u € LY(Z), u(z) € 9j(z,2(z),\) a.e. on Z and 1 < 6 < p*. We
say that z is a strict lower solution for problem (Py), if it is not a solution of (Py).

As usual, p* denotes the critical exponent, i.e., p* = Np/(N —p) if p < N, and
p* = +oo if p > N. In the sequel, we denote by “—” and “—” the weak and strong
convergence, respectively. Moreover, we use the notations r* = max{#r 0} for
every r € R, and ||z| = || Dz||, for x € WP (Z).

3. Four constant-sign solutions for problem (Py). In this section we establish
the existence of four nontrivial solutions of constant sign for problem (Py) whenever
A belongs to a small interval of the form (0, A*). To do this, we assume the following
hypotheses on the nonsmooth potential:
(Hj): j:Z xRx (0,\) — R, with A > 0, is a function such that
(i) for all (z,)\) € R x (0, ) the function z — j(2,z,\) is measurable;
(ii) for almost all z € Z and all A € (0,)), the function z — j(z,,)) is
locally Lipschitz and j(z,0,\) = 0;
(#ii) for almost all z € Z, all (x,\) € Rx (0, ) and all u € 9j(z,x, \), we have
lul < a(z,A) + cla]"™!
with a(-,\) € L®(Z) 4, [la(-;M\)]lec = 0as A —= 0T, ¢ >0, p <71 < p*;

(iv) for every A € (0, ) there exists a function n = n(A\) € L>°(Z)4+ such that
n(z) > A\ a.e. on Z, n # A\, and

n(z) < lim ilolf uniformly for a.a. z € Z;

u
[P~z
(v) for every A € (0, ) there exist M = M(A) > 0 and g = u(\) > p such
that
0 < pj(z,z,\) < —j%z, 2, \;—z) for a.a. z € Z, all |z| > M;
(vi) for a.a. z € Z, all x € R, all A € (0,\) and all u € 9j(z,z,\), we have
ux >0 (sign condition)
and 9j(z,0,A) = {0}.
Let @y : Wy’ (Z) — R be the Euler functional for problem (Py) which is defined by

oa(x) = %HDng - /Zj(z,x(z), Ndz for all z € WyP(Z).

We know that ¢y is locally Lipschitz on bounded sets of WO1 "(Z), hence locally
Lipschitz (see Clarke [13, p. 83]).

In the next theorem we produce the first two solutions of constant sign for prob-
lem (P)\)

Theorem 3.1. If hypotheses (H;) hold, then there exists \* € (0,\) such that
for every A € (0,\*), problem (Py) has two solutions xo = xo(\) € intKy and
vo = vo(A\) € —int K which are local minimizers of .

If we assume p > 2 we have two more solutions for (Py). More precisely, we have

Theorem 3.2. If hypotheses (H;) hold and 2 < p < oo, then there exists \* € (0, \)
such that for every A € (0, \*), problem (Py) has at least four solutions of constant
sign xo = xo(A) € ItK4, & = 2(N\) € intKy, x9 < &, 9 # &, and vog = vo(A) €
—intKy, 0 =0(\) € —intK 4, & < wg, vg # 9.
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This section deals with the proof of Theorems 3.1 and 3.2, respectively. To this
end, we prove some lemmas and propositions.

Lemma 3.3. Let X be an ordered Banach space, K is an order cone of X, int K # ()
and xo € intK. Then, for every y € X, there exists t = t(y) > 0 such that txg —y €
intK.

Proof. Since zo € intK, we can find § > 0 such that Bs(zg) = {z € X : ||Jz — 20| <
0} CintK. Let y € X, y # 0 (if y = 0, then clearly the lemma holds for all ¢ > 0).
We have x¢ — dy/||y|| € intK. Thus, choosing t = ||y||/J, we have tzg —y € intK. O

Let us recall the following notion from nonlinear operator theory (see Gasinski-
Papageorgiou [27, p. 338] and Zeidler [44, p. 583].

Definition 3.4. Let X be a reflexiv Banach space and A : X — X*. We say that
A is of type (S9)4, if for any sequence {z,},>1 C X for which x,, — z in X and
limsup,, . (A(xy), 2, — ) <0, one has z, — z in X.

By (-,-) we denote the duality brackets for the pair (W~ (Z), Wy (Z)) (1/p+
1/p' =1). Let A: Wy?(Z) — W~ (Z) be the nonlinear operator defined by

(A(z),y) = / HD:UH%}Q(DL Dy)gndz for all 2,y € W, P(Z). 4)
z

Lemma 3.5. A: WP (Z) — WY (Z) defined by (4) is of type (S);.

Proof. Let {,}n>1 C W,P(Z) be a sequence such that z,, — = in W, *(Z) and
assume that

lim sup(A(zy), x, — x) < 0. (5)

n—oo
It is clear from (4) that A is demicontinuous monotone, hence it is maximal mono-
tone. But a maximal monotone operator is generalized pseudomonotone
(see Gasiriski-Papageorgiou [27, p. 330]). So from (5) it follows that

[Danlly = (Alzn), 2n) — (A(z), 2) = || Dz[[3.

Since Dx,, — Dz in L?(Z,RY) and the space L?(Z,RY) is uniformly convex, from
the Kadec-Klee property, we have Dz, — Dz in LP(Z,R"), hence z, — x in
WoP(Z). O

Proof of Theorem 5.1. As we already observed, the nonlinear operator
A:WyP(Z) — W' (Z) defined by (4) is maximal monotone. Since (A(z), z) =
| DB, it is also coercive. Therefore, it is surjective and so we can find e € WoP(Z),
e # 0 such that A(e) = 1. Acting with the test function —e~ € W,"*(Z) we obtain
[ De~[|h < 0. Hence e~ = 0 and so e > 0. We have

—Ape(z) =1 ae.on Z, elgz =0. (6)

From nonlinear regularity theory (see for instance Gasiniski-Papageorgiou [27, p.
738]) we have e € C¢(Z) and then by the strong maximum principle of Vézquez
[43], we have e € intK .

We claim that we can find A* € (0, ) such that for every A € (0, \*) we may
choose & = & (A\) > 0 satisfying

laCs Moo + e(Eallelloe)™ ™ < €77 (7)
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We argue by contradiction. So, suppose that we cannot find & > 0 for which (7)
holds. This means that there exists a sequence {\,, }»>1 C (0, A) such that A, — 0%
and

7 < la(-, M)l + c(€llelloo)”™ " for all n > 1, and all € > 0.

We let n — oo, and using hypothesis (H;)(ii1), we get
1< €™ P|le]|nst for all € > 0.

Since 7 > p, letting & — 01, we have a contradiction. This shows that (7) is true.
We fix A € (0,A*) and let & = & (N\) > 0 be as in (7). We set T = e € intK .
Then

S AE() =~ Ae(2)
= & (see (6))
> Jlas Wlloo + el llelloo) (see (7))
> u(z) a.e. on Z, (8)

for allm € L™ (Z) (1/r + 1/ = 1), @ € 9j(z,T(2),\) a.e. on Z (see hypothesis
(H,)(i1i)). Due to (8), T € intK is a strict upper solution for problem (Py).
Evidently, = 0 is a lower solution for problem (Py) (since 9j(z,0,A) = {0}, see

(Hj)(vi)). We introduce the following truncation of j:
0, if x<0
Ji(z,z,N) =< (22,0, if 0<z<%(z) (9)
J(z,T(2), ), if T(z) <.

From the nonsmooth chain rule (see Clarke [13, p. 42]), we have

(o}, iz <0
) {Taj( L0,N) 7 e[0,1]} =40}, if =0
i+ (z,2,2) €< 9j(z, 2, N), if 0<x<T(2) (10)
{T@](Z,T( ), A) T €[0,1]}, if z=1(2)
{0}, it T(z) <.

We consider the functional @y : WO1 P(Z) — R defined by
1 .
@a(x) = —|| D] — / Ji(z,2(2),\) for all z € WyP(Z).
p Z

We know that @) is locally Lipschitz. Also exploiting the compact embedding
of Wy P(Z) into LP(Z), we can easily check that (y is sequentially weakly lower
semicontinuous. Moreover, from (9) and hypothesis (H;)(iii), we see that for every
x € WyP(Z) one has

N 1
Pa(z) 2 S Dl = erl[ Dl
for some c¢; > 0. Consequently, ¢, is coercive and bounded from below.

Let I, = [0,7] = {z € Wy P(Z) : 0 < x(2) <T(2) a.e.on Z}. In a standard way,
we can find z¢ € I such that

ox(z0) = i[nf ox =my < pA(0) =0.
+
We claim that my < 0. To this end, let 8y = [,(A — 1(2))ul(z)dz. Note that

Bo < 0 (see hypothesis (H;)(iv)). Now, fix ¢ € (0, —0y). By virtue of the hypothesis
(H;)(iv), we can find 6 = (e, A) > 0 such that

(n(z) —e)aP~! <w for a.a. z € Z,all x € [0,6] and all u € 3j(z,z, \). (11)
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Because of hypothesis (H;)(ii) and Rademacher’s theorem, for almost all z € Z,
the function 2 — j(z,z, \) is differentiable at almost every € R. Moreover, at any
such point of differentiability, we have <L j(z, x,\) € dj(z,x,\). So, from (11), we

dx
have

(n(z) —e)aP™t < %j(z,x, A) fora.a. z € Z and a.a. x € [0,].

Integrating and taking into account that j(z,0,\) = 0, we have

l(17(2) —e)zP <j(z,2z,\) foraa.ze€ Zand all z € [0,].
p

Since T, uy € intK, using Lemma 3.3 we can find ¢ > 0 small such that
tuy(2) < Z(2) and tuq(z) € [0,0] for all z € Z.
By using (12), (13) and (9), it follows that
o
»

Hence we have

- tP ~
oattur) = SiDwily~ [ Fitentus (). 0z
Z

v tv v
< —All\ull\ﬁ——/WdeZ+—€IIU1II§ (see (14))
p pJz p

tP

= [/Z()\l —n(2))ul(z)dz + 5} (since [usll, = 1)

P

= —[Bo+e¢]
p

< 0.

In conclusion, @x(xo) = my < 0= $x(0), thus, xg # 0.
Given y € I, we consider the function £ : [0,1] — R defined by

Bi(t) = oalty + (1 = t)zo).

(n(2) — e)ur (2)P < j(2,tur(2), ) = ji (2, tui(2), \) for a.a. z € Z.

Evidently, (8 is a locally Lipschitz function and 0 is a local minimum of it. In

particular, we have

AN (z03y — x9) > 0.

Moreover, due to Chang [12, p. 106], we find ug € L" (Z), uo(z) € 8j4 (2, x0(2), A)

a.e. on Z, such that
0< (Afan).y — a0~ [ wnl)(y — wo)(z)d.
4

For every h € W, *(Z) and ¢ > 0 we define

0, if ze{xo+eh <0}
Yen(2) =< xo(2) +eh(z), if ze{0<z)+eh<T}
7(2), it ze{xT <wmy+eh}.

(15)
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Clearly, y. n € I;+. Using y = y.p, in (15), we have

0 < s/ |\Dx0|\§;2(DxO,Dh)RNdz—5/ uohdz
J{0<zo+eh<T} {0<zo+eh<7T}

—/ ||Dx0||§Ndz+/ uoxodz
{wo+eh<0} {wo+eh<0}

—|—/ HonH"H;X,z(D:cO, D(T — zo))pndz — / uo(T — xo)dz
{z<zo+ch} {

z<zo+eh}

- 5/ ||Dx0||§;2(on,Dh)RNdz—s/ uohdz
zZ zZ
_/ IDZ|2 52 (DT, D(xo + ch — T))an d2
{T<zo+ech}

+/ u(xo + ch —T)dz
{T<z0+ech}

( with 7 € L’"/(Z)7 u(z) € 0j(2,%(2), A) a.e. on Z, )
uo(z) = 7(2)u(z) a.e. on {zo =7}, 7: Z — [0, 1] measurable, see (10)

—|—/ uo(:c0+5h)dz—|—/ (T — uo)(T — xo —eh)dz
{wo+eh<0} {@<ao+eh}

_/{ oy | Dxo|lfndz — 5/{ o) ||D:c0||]§;,2(on, Dh)gndz
xzp+eh< zo+eh<

+ / (IDZ(?32 D% — || Daol|?x2 Do, D(zo — T))g d
{z<zo+ech}

+5/ (|Dz||>* DT — || Do || * Do, Dh)g dz. (16)

{Z<zg+eh}

Since T € intK 4 is an upper solution for the problem (Py), we have

_/ ||Df||§;2(DaD(xﬁah—f))RNder/ U(xo+eh—T)dz < 0. (17)
J(F<zoten) J m<ag+eh}

Due to hypothesis (H;)(vi) (sign condition) and (10), we have

/ uo(xo +eh)dz < 0. (18)
{:Eo+€h§0}

Recall that T € int K, and xg < Z. Hence

/ (T —u)(T — xg —ch)dz = / (T —uw)(T —xg —ch)dz =
{z<zo+eh} {zo<zT<wo+eh}

_ / (@ — u0)(T — w0 — eh)dz+
{zo==; T<xo+eh}

-I—/ (T —up)(T — xo — ch)dz
{xo<§§xo+€h}

< (@ —up)(T — xo —eh)dz
{zo<T<wo+ech}
(since ug(z) = 7(2)u(z) a.e. on {xg =T} with 7: Z — [0, 1] measurable)

< cl/ (xo +eh —T)dz for some ¢; > 0 (see (H;)(it1))
{zo<zT<m0+eh}

<ec / hdz (since xg < ). (19)
{IU<ESIU+€}I}
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Recalling that the operator A is monotone (in fact, strictly monotone), we have
/ (IDZ|232DF — || Daol|252 Do, D(xo — T))gndz < 0. (20)
{fgwo-‘ré‘h}
We return to the estimation (16) and use (17)-(20), obtaining

0 < a/ ||Dx0||§;2(on,Dh)RNdz—a/uoh
Z Z

+ec; / hdz — ¢ / | Daol|2* (Do, Dh)gw dz
{zxo<T<wo+eh} {zo+eh<0}

—i—s/ (| D7||%%° DT — || Dao|[2n* Do, Dh)gw dz. (21)
{ESIU-"-E}I}

By | - | we denote the Lebesgue measure on RY. We have
Hzo+eh > > xo}|y — 0 ase — 0t (22)
By applying Stampacchia’s theorem (see Gasiniski-Papageorgiou [27, p. 195-196)),
we know that
Dzo(z) =0 a.e. on {xg =0} and Dzg(z) = DT(z) a.e. on {zg = T}. (23)
So, if we divide (21) with € > 0 and let ¢ — 0, using (22) and (23), we obtain
0 < (A(zo), ) — / wohdz. (24)
z
Since h € W, ?(Z) was arbitrary, from (24) we infer that A(zo) = uo, i.e.,

—Apzo(z) =wp(z) a.e. on Z, xolaz =0, xo #0.

As before, nonlinear regularity theory and the strong maximum principle imply
that zo € int K4 (note that by hypothesis (H,)(vi) and (10), up(z) > 0 a.e. on Z).
Since A € (0,\*) and ug(z) € 34 (z,20(2),A) a.e. on Z, from (10) and hypothesis
(H,)(i1i) we have

uo(z) < a(z,A) + clwo(z)]"
< G, Mo + el
< G, Ml + cll@llne
< g7 (see (7). (25)
We know that
— Npzo(2) = up(z) and — A,T(z) =€ ae. on Z. (26)
By (25), (26) and Guedda-Véron [28, Proposition 2.2], we have
xo(z) < T(z) for all z € Z and %(z) < %(2) for all z € 0Z,

ie., T—xo € intK 4. Also recall that o € int K. Therefore, we can find 6 > 0 such
that

7 — (w0 + BSOP)) ¢ intK (27)
and L
2o + B CintK (28)

where BS"? = {2 € CY(Z) : 2]y z) < 0}
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Combining (27), (28) and (9), we deduce that z¢ € intKy is a local C}(Z2)-
minimizer of ¢y. Therefore, by Kyritsi-Papageorgiou [32, Proposition 3] (which is
actually a nonsmooth extension of the well-known result of Brézis-Nirenberg [7])
we infer that xp € intK is also a local Wol’p(Z)—minimizer of py, so a solution of
(Pr)-

Similarly, working on the negative semiaxis, we produce v € —intK; a lower
solution for problem (Py). Now, 7 = 0 is an upper solution (in fact, it is a solution
due to (H,)(vi)). Thus, we fix the pair {v,0}. Introducing a function j_ in a similar
way as we did in (9) for j,, and defining its corresponding functional py, we obtain
a second solution vy = vo(A) € —intKy of problem (Py) which is a local minimizer
of px. This concludes the proof of Theorem 3.1. O

Using the two solutions zg and vy from Theorem 3.1 and considering a suitable
modification of the Euler functional ¢y, we will produce two more solutions of
constant sign, one positive and the other negative, as we stated in Theorem 3.2.
Our goal will be achieved by proving three Propositions.

For this purpose, let o0+ : R — R be the truncation functions defined by

a+(a:)—{0’ ifx <0 and a(x)_{x’ ifx <0

r, ifx>0 0, ifxz>0.
Let
j+(2’,$,)\):j(2’70'+($)+$0(2),)\) and j,(z,x,/\):j(z,af(x)—i-vo(Z),/\).
Clearly,

e for all (z,\) € R x (0,)), z — j+(z,2,\) are both measurable;
e for a.a. 2 € Z and all A € (0, ), z +— j+(2,,)) are both locally Lipschitz.
Moreover, the nonsmooth chain rule implies that

{0}, if <0
74 (z,2,N) € {7j(z,20(2),\) : 7 €[0,1]}, if 2=0 (29)
0j(z,x + xo(2), \), it >0
and
0j(z,x +v9(2), A), if <0
7 (z,2,\) € { {1i(z,v0(2),\) : 7 €[0,1]}, if =0 (30)
{0}, it z>0.

For every A € (0, ) we consider the locally Lipschitz functions ¢ : Wy*(Z) — R
defined by

1 .
U (@) = 2 [ID(& + z0)|12, — | Daoll?] ~ / Folma(z) N dz + / woadz + €,
p A A
and
- 1 .
5 (@) = - [I1DG + w)l; = [ Duolf] - / i (za(z) N dz — / wortdz + €,
where
€ = /Z i mo(z), Ndz, € = /Z 32, v0(2), N)dz
and

A(wo) = uo, A(vo) = wo,
with ug € L™ (Z), uo(2) € 8j(z,z0(2),\) a.e. on Z (as in (26)), and wy € L™ (Z),
wo(z) € 9j(z,v0(2),\) a.e. on Z.
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Proposition 3.1. If hypotheses (H;) hold and X € (0, \*), then 1/)?\: both satisfy the
nonsmooth PS-condition.

Proof. We do the proof for ¢y, the proof for ¢ being similar. Let {z,}n>1 C
W, P(Z) be a sequence such that |1} (x,)] < M; for some M; > 0, all n > 1 and

M+ (zn) — 0. Clearly, we can find 2, € 0¢) (z,) such that Myt (xn) = |2kl
Then
xy = Az, + x0) — Up — Up,
with w, € L™ (Z), un(2) € 874 (2,20(2),\) a.e. on Z and
ug(2), if 2,(2) <0
Un(2) =< {rup(z) : 7€10,1]}, if z,(2)=0 (31)
0, it x,(z) > 0.

Hence we have |(z%,v)| < e,|v| for all v € W, *(Z) with &, — 0%, i.e.,

kA@n+x@m>—/

zZ

< éenllv]l. (32)

unvdz—/ Upvdz
z

Put the test function v = —z;; € Wy**(Z) in (32). Then

'(A(xn +xg),—x, ) + / Upx,, dz + / Unx, dz| < epllz, |- (33)
z Z
Note that
Ay +x0) = Az} + 20) + A0 — 7)) — A20). (34)

Recall that

Dz, (z), fora.a.ze€ {x, >0}
+ o ,
Da(z) = { 0, for a.a. z € {z,, <0}

(35)
SN 0, for a.a. z € {z,, > 0}
Dz (2) = { —Duz,(z), fora.a.z e {z, <0}
Due to (34), we have
(Alwn+20), —z2) = (Alwn +@0), —2n) + (Alwo = 2), —0)
—(A(xo), =)
= (A(zo—1z,),—x,) (see (35))
> [|ID(z0 — x|} — 1D (zo — 21" | Dollp. (36)
From (29), we have
/ un(2)x, (2)dz = 0. (37)
z
Returning to (33) and using (36), (31) and (37), we obtain
ID(wo — 23) |5 < | D(wo — 27) |5~ | Daollp + 2| Dz |l (38)

for some ¢, > 0 and all n > 1. From (38) it follows that {z },>1 C Wy *(Z) is
bounded. From the choice of the sequence {x, }n>1 C Wy (Z) we have

2 (1D + 2ol ~ 1Daol] - / iz @t + a0, Nz + / juoy dz + u€d < M, (39)

for all n > 1. Note that
| D(zn, + o)) — [[Dzoll}, =
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= [ID(@;) + zo)llf — I Dwollp] + [I1D(z0 — z;) I} — | Dol[7)] (40)
We use (40) in (39). Because {z;, },>1 C Wy "*(Z) is bounded, we have

B DG + a0l - / izt + 20, N dz < My (41)
7

for some Ma > 0 and all n > 1. Now, we put the test function z;" 4+ o € W, "*(2)
in (32). Then

DG + x|+ / un(@t + 70)dz < callz + 3o + 4 (42)
A

for some c3, ¢4 > 0 and all n > 1. Since u,(2) € 374 (2, z,(2), \) a.e. on Z, because
of (29), we have
Un(2)(— () +20)) < 5%z, (2} +20)(2), \; — () +20)) a.e. on {z, > 0}.
Therefore,
un (2) (@) + 20) > —5°(2, (@) + 20)(2), \; — () + x0)) ae. on {x, > 0}. (43)
From hypothesis (H;)(vi) (sign condition) and (29), we have
un(2)xo(z) >0 ae. on {z, =0}, (44)
and
un(2)(=(z}t +20)(2)) =0 a.e. on {x, < 0}. (45)
Adding (41) and (42) and using (43)-(45), we obtain

(g - 1) IDGE 420l = [ [ 70 ) 5 (o 70), 35 o 0]
{zn>0}

< Ms + cs |z + zo|
for some M3, c5 > 0 and all n > 1. Using hypotheses (H;)(iii), (v), it follows that

(g - 1) ID(E + 20)|[2 < Ma + sl + ol

for some My > 0 and all n > 1. Thus, the sequence {z; },>1 C W, *(Z) is bounded
(recall i > p). Consequently, the sequence {x,}n>1 C Wy (Z) is bounded.

Now, passing to a suitable subsequence if necessarily, we may assume that z,, — =
in Wy*(Z), &, — x in L"(Z), 2n(2) — x(2) ae. on Z and |z,(z)| < k(z) for
a.a. z € Z and all n > 1, with £ € L"(Z)4+. From the choice of the sequence
{&n}n>1 C WoP(Z) (see (32)), we have

[{A(zn + x0), T — ) — /

Un(zn — x)dz — / Un(xn — x)dz| < &p|lzn — 2|, (46)
z

JZ
with £, — 07. Clearly
/ Up (2, — 2)dz — 0 and / Up (2 — 2)dz — 0 as n — oc.
z z
Therefore, (46) implies

lim (A(zp + x0), xn — ) = 0.

n—oo

Since z,, —  in Wy**(Z), from Lemma 3.5, we infer that 2, — 2 in W, ?(Z), i.e.
w;\' satisfies the nonsmooth PS-condition. O
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Proposition 3.2. If hypotheses (H;) hold, A € (0, \*) and 2 < p, then we can find
p > 0 such that

inf{yy () : [lzll = p} = 7 (p) >0 and inf{vy (2) : [|z]| = p} =5 (p) > 0.

Proof. Again we do the proof for 1/)j\r, the proof for ¢} being similar. From Theorem
3.1, we know that xo € intKy is a local minimizer of ). We can always assume
that xq is an isolated critical point of @) (otherwise, we have a whole sequence of
distinct positive solutions of (Py)). Hence we can find a number pg > 0 such that

pa(z0) < @aly) and 0 ¢ dpa(y) forall y € By, (z0) \ {wo}- (47)
We claim that for all p € (0, pg), we have
inf{@x(x) : By, (w0) \ By(wo)} > @a(@0). (48)

We proceed indirectly. So suppose that the claim is not true. Then we can find a
sequence {z, }n>1 C By, (20) \ Bp(wo) such that lim,, .o ¢x(75) = ¢ (o). Clearly,
{&n}n>1 C WyP(Z) is bounded and so we may assume that x,, — & in W, ?(Z)
and x, — 7 in L"(Z) (recall that r < p*). We have & € B,,(z¢). Recalling that ¢
is sequentially weakly lower semicontinuous, we have

pa(@) < lim px(zn) = @a(20).

Due to (47), & = xo.
By virtue of the Lebourg mean value theorem (see Clarke [13, Theorem 2.3.7]),

we have
( ) Ty + To « In — X0
Tn) — =(x,
T2 P 5 D)

with 7 € Opx (tnn + (1 — t,,)E2322)  and ¢, € (0,1), n > 1. We know that
Ty + :170> ~

— Uy,

x, =A (tnxn + (1=t

with @i, (2) € 05 (2, tnan(2) + (1 — tn)(Z2520)(2),\) a.a on Z, and @, € L' (Z)
(1/r+1/r" =1). Hence

oamn) —or (Z2) = (At + (1 - ) 2T I 2T0)

_/ G, =20 g, (49)
Z

2

Since x, — o in L"(Z) and by hypothesis (H;)(iii), {fin}n>1 C L" (Z) is bounded,
we have
Ip — X0

lim [ 4, dz = 0. (50)
n—oo A

Also because 2220 — gz in W,yP(Z) and @y is sequentially weakly lower semicon-

tinuous, we have

©x(zo) < liminf @y <xn i IO) . (51)

n—oo 2

Returning to (49), passing to the limit as n — oo and using (50), (51) and the fact
that lim, e @ (2n) = @a(x0), we obtain

lim sup <A (tnxn +(1 —tn)xn +x0) ,xn _x0> <0.

n—oo 2 2
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Multiplying the above inequality by the term (1 4 ¢,,) we obtain

Tn + To Tn + To

lim sup <A (tnxn +(1—tn) ) tn@n 4 (1= tn) - mo> <0. (52

We may assume that ¢, — ¢* € [0,1]. Therefore, tpay + (1 — t,) 2252 — 74 in
WyP(Z). From (52) and Lemma 3.5 if follows that

Ty + X0

tnTn + (1 —t,) —x9 in W P(Z). (53)

But note that

Tn + To T

tndin + (1 — tn) — 2ol = (1 +tn) > g, (54)

since {z, }n>1 C By (20) \ By(20). Comparing (53) with (54), we have a contradic-
tion. This proves that (48) is true.
By definition, for every = € VVO1 P(Z) we have

i@ = D@+l = 1DwlE] - [ jea@ i + [ wad S
= 2 IDG* + @)l ~ [Dwoll] + - (1D = a7 = Dol
—/Zj‘+(z,x(z),)\)dz +/Zuox*dz+£§. (55)
Recall that A(zg) = ug. Hence
/Zuox_dZZ/Z||Dx0||ﬁ;2(on,Dx_)RNdz. (56)
We use (56) and (55), obtaining
fa) = 5 1D =)l = IDaoly] + [ IDaallia? (Do, Do ez
4= 1D +a)l = IDaoly] = [ ot + a0, N)dz +§
= (1D~ )= D20l + [ D202 (Do, Da s
+or(zt + 20) — @a(z0)- (57)
|I|4€t |/|) € (0/, po) and suppose that ||z|| = p. Then we must have either ||z *| > p/2 or
|| > p/2.

First, we assume that ||z > p/2. Then from (48) we can find 8} = Bi(p) > 0
such that
pa(at +x0) — palwo) > By > 0. (58)
Also from the monotonicity of the gradient of a convex function, we have

1 _

E[I\D(xo —z7)[lp = | Dzoll}] / | Dol 5? (Dxo, D™ )gndz > 0. (59)
Using (58) and (59) in (57), we obtain

Ui (@) = By >0 for all flal| = p with [a*] > £ (0 € (0.p0).  (60)

Now, we assume that ||| > p/2. Then since ||z|| = p < po, we have

oa(xT +x20) > @al(x0) (see (47)). (61)
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Also, recall that for 2 < p and &1, & € RY, we have a Clarkson type inequality
_ 1
I€allfn = ll€alfn = PIELIES (€1, 62 — E)rr + 7 16— &l (62)
Applying (62) with
&1 =Dzxo(z) and & = D(zo — 27 )(2)
and integrating on Z, we may fix 33 = 5%(p) > 0 such that

= [ID(e0 =27}l = 1Dzl + [ IDw0lR*(Dzo. Da gz > B >0, (63)
Thus, using (61) and (63) in (57), then

WYX (x) = 63 >0 forall ||z]| = p with [[27]| > 5 (p € (0, p0)). (64)

NI

From (60) and (64) we conclude that
G (@) = 5f = min{, B} for all 2 € WiP(2) with [la] = p.
Similarly, we may show that there exists v, = v, (p) > 0 such that
Yy (x) >y for all x € W, P(Z) with ||z]| = p.
This concludes our proof. 0

Proposition 3.3. If hypotheses (H;) hold and A € (0,\*), then there exist y+ =
y+ (A p), y- = y-(\ p) € Wy (2) such that |ly+ || > p, ly-|| > p, and

O (y+) <n and Py (y-) <7y
where p > 0 and vf are from Proposition 3.2.

Proof. Let Ny be the Lebesgue-null set, outside of which hypotheses (H;) (i1),
(i4i), (v) hold. Let z € Z \ Ny and |z| > M. We set

kx(z,t) = j(z, ta, N).

It is clear that ¢ — ky(z,t) is a locally Lipschitz function and from the nonsmooth
chain rule (see Clarke [13, p. 45]), we have 0kx(z,t) = 05j(z, tx, \)x, thus

toka(z,t) = 0.7 (2, ta, N)ta.

Then from [12, p. 106] and hypothesis (H;)(v), we have pki(z,t) < tk} (z,t) for all
z € Z\ Ny and almost all t > 1. Consequently,

K\ (z,t
B < w\C2)) for all z € Z\ Ny and almost all ¢ > 1.
t k)\(z,t)

Integrating this last inequality from 1 to ¢ty > 1, we obtain tfkx(z,1) < ki(z,to).
Consequently, we have

tHi(z, 2, ) < j(z,tx,A\) forall z€ Z\ Npall || > M and all ¢ > 1. (65)
For > M, due to (65), we have

T xr \ M
) = ] i > ]
JE @) = iz M) = (57) 5 M) (66)
and for z < —M,

x

i) = (e (b)Y 2 (%) Jz M), (67)



424 M. FILIPPAKIS, A. KRISTALY AND N. S. PAPAGEORGIOU

By virtue of hypothesis (H;)(iii) we can find ¢g = ¢(A) > 0 such that
[7(z,2,0)| < ¢g forall z€ Z\ Ny and all |z] < M.
Combining (66), (67) and (68), we conclude that

j(z,2,A) > |zl — ¢ for a.a. z € Z, all x € R and some ¢7 > 0.

(68)

(69)

Recall that u; € intK,. Thus, using Lemma 3.3, we can find ¢ > 0 large enough

such that

Then

Py (tur — x0) =
<

<

tuy —xo € K1 and ||tur — zo| > p.

1 .
CIDw g~ 1Dz l] [ tus, s + €8
z
tP
EHDUIH; — crt'|lua||ly + cs  for some cs > 0 (see (69))

tP .
EAIHMH; —cot!||ur|ly, +cs  for some cg > 0 (since p > p).

Since p > p, for t > 0 large, we have ||y | > p and

@/J;\i_(tul — LL‘Q) < 0.

Thus, for ¢t > 0 large and y4 = tu; — xo, we have

VY (y4) <0 <7y

Similarly, we obtain y_ € Wol’p(Z) such that ¢y (y—) <0 < ~,.

O

Proof of Theorem 3.2. From Theorem 3.1, we already have two solutions z¢ € int K
and vg € —int K when A € (0, \*). Note that Propositions 3.1, 3.2 and 3.3 permit
the use of Theorem 2.3 for the functionals w)j\[. As before, we consider only the case
of ¥, the other one is analogous. Therefore, we can find & € W, *(Z) such that

0 € 9Y)(7) and ¥i(0)=0<~F <oi(@).

In particular, & # 0. From the inclusion in (70), we have

A(Z 4+ xo) = u+ o
with
i€ L"(Z), w(z) € )4 (2,8(2),\) ac. onZ
and
uo(2), if #(z) <0
Go(z) =< {ruo(z):7€0,1]}, if Z(2)=0
0, if  #(z) > 0.

In (71) we act with the test function —Z~ € W,"*(Z). Hence

(A(i’+x0),—55’>:/ﬁ(—§:’)dz+ do(—7)dz.

Z zZ

By using (72) and (29), we infer that

(70)

(71)

(72)

(73)

(74)

(75)

(76)
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Returning to (74) and use (75) and (76), we obtain

(A(F + m0) — A(wo), —2 ) = 0. (77)
Now, recall that (see also (34))
A(Z + x0) = A@ET + 20) + A(mo — 77) — A(20). (78)
Using (78) and (77) one has
(AGFT +20) — Awo), =3 ) + (A(mo — ) — A(zo), -3~ ) = 0. (79)

Due to (35), we have
(A" 4+ 20) — A(x0),—27) = 0.
So, by (79), it follows that
(A(xg — 27) — A(mg),—3~) = 0. (80)

On the other hand, as we already mentioned, the nonlinear operator A is strictly
monotone. Hence from (80) we deduce that

r9— I =uwmp, ie., T~ =0 andso Z>0, T #0.

Let & = & + xg. It is clear that & > x¢ and & # zy. We have two possibilities:
1) z € { = 0}. Then
D) = —Dywo(z) = Alwo)(2) = uo(2)
95 (2,20(2), \)
= 90j(z,2(2),N).

m

2) z € {Z > 0}. In this case we have

—0pi(z) = a(z) + Go(2) (see (71))
= a(z) (see (73))
e am 32,0 (see (72))
€ 9j(z(2) +20(2),A) (see (29))
= 0j(z2(2), A).

Therefore, in both cases we have
—Api(z) = u(z) € 9j(z,%(2),\) ae. on Z, &|lsgz =0,

so, & € int K (from the strong maximum principle) and it is a solution for (Py).
Similarly working with ¢, and using this time (30), we obtain ¢ € —intK,
0 < vg, 0 # vp another constant sign solution for (Py). O

Remark 4. Let j(z,z,\) = %|:v|q + Llz|” with 1 < ¢ < p < r < p*. Clearly,
j satisfies hypotheses (H;). Now, 9j(z,z,\) = {\z|?" %z + || "2z} is the clas-
sical convex-concave nonlinearity. This problem has been extensively studied by
Ambrosetti-Brézis-Cerami [2], Bartsch-Willem [6] (p = 2), Ambrosetti-Garcia Azo-
rero-Peral Alonso [3] (for problem with radial p - Laplacian).

Now, let j(z,2,\) = (2 +sgn(z)) (%|x|q + %|x|’”) . It also verifies the hypotheses
(H;); in addition, it has no symmetry property.
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4. A nodal solution for problem (Py). In this section we establish the existence
of a nodal (sign-changing) solution for problem (Py) besides the two (respectively,
four) constant-sign solutions from Theorem 3.1 and 3.2, respectively. Here, we
consider the special case when the potential j(z,x, A) has the form

jlz,, \) = /01 f(z,8,N)ds, (81)

where the function = — f(z,2,\) has possible jumping discontinuities. To be
precise, we assume
(Hp): f:Z xRx(0,\) = R, with A > 0, is a function such that
(i) for all A € (0,)) the function (z,z) — f(2,z,)) is measurable;
(ii) for almost all z € Z and all A € (0,)), the function  — f(z,x,)\) has
jumping discontinuities and it is continuous at 0;
(iii) for almost all z € Z, all (z,\) € R x (0, \), we have

[f(z,2, M) < a(z,A) + el
with a(-,\) € L®(Z) 4, [la(-;M\)]lec = 0as A = 0T, ¢ >0, p <71 < p*;

(i) for every A € (0, \) there exists a function 7 = f)(A) € L*°(Z)4 such that

.. fl(zv'rv)\) . fu(Z,I,A) N

Ay < hini%lf W < llriljg.p W <7(z)
uniformly for a.a. z € Z, where fi(z,2,\) = liminf,/ ., f(z,2',\) and
fu(za xz, A) = 11mSEpz’~>z f(za I/a A)

(v) for every A € (0, ) there exist M = M(X) > 0 and p = pu(A) > p such
that

0< pj(z,,A) < maxt fi(z, 2, N\, fu(z, 2, N)a}

for a.a. z € Z, all |z| > M (j being from (81));
(vi) for a.a. z € Z, all z € R and all X € (0,\), we have

f(z,z,\)x >0 (sign condition).

Remark 5. Under hypotheses (Hy), the function j defined in (81) is well-defined,
(z,2) +— j(z,2,)\) is measurable, and for almost all z € Z and all A € (0,)),
x +— j(z,z,A) is locally Lipschitz. Moreover, for a.a. z € Z, all z € R and all
A € (0,)) we have

0j(z, 2, ) = [filz, 2, N), fulz,2,N)], (82)
(see Chang [12]). In particular, since f(z,-,A) is continuous in the origin, we have
0j(z,0,\) = {0}. Consequently, if f verifies (Hy), then the function j defined by
(81) tulfills (H;) as well.

Now, we are ready to state the theorems for nodal (sign-changing) solutions. Let
A* > 0 from Theorem 3.1.

Theorem 4.1. If hypotheses (Hy) hold and A € (0, X*), problem (Py) has at least
three nontrivial solutions xo = xo(A) € IntKy, vg = vo(A) € —intK 4, and yo €
C3(Z) a nodal solution.

Theorem 4.2. If hypotheses (Hy) hold, 2 < p < oo, and X\ € (0,\*), problem
(Py) has at least five nontrivial solutions o = xo(A) € tKy, & = Z(N\) € int K,
xo < &, 0 # T, vo = vo(N\) € —IintK,, o = 9(\) € —intK,, © < vg, vg # 0, and
Yo € C&(Z) a nodal solution.
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In this section we deal with the proof of these results. To do this, we follow the
approach first suggested by Dancer-Du [19] for semilinear problems (i.e., p = 2),
with a smooth potential (i.e., j(z,-,A) € C1(R)).

The strategy of our proof is the following. Using the method of upper-lower
solutions, we produce a smallest positive solution y; and a biggest negative solu-
tion y_ (see Proposition 4.3). Then we form the order interval [y_,y] and using
variational techniques on suitable truncated functionals, we generate a solution g
in [y_,yy], different than the two endpoints y_,y;. If yo # 0, then necessarily
yo will be sign-changing. In order to show the nontriviality of yg, we will use the
alternative characterization of the second eigenvalue Ay > 0 given by Cuesta-De
Figueiredo-Gossez [15] and also Theorem 2.5 (the nonsmooth second deformation
theorem).

Now, we start to implement the strategy outlined above. We say that a nonempty
set S C WP(Z) is downward (upward) directed if for every elements y1,y2 € S there
exists y € S (z € S) such that y < y; and y < ya (y1 < z and y2 < 2).

Let us fix A € (0, \*).

Lemma 4.3. The set of upper solutions for problem (Py) is downward directed.
Moreover, if y1 and yo are upper solutions for problem (Py) then min{y1,ya2} is also
an upper solution for problem (Py).

Proof. Let y; and yo two upper solutions for problem (Py). Given € > 0, we consider
the truncation function & : R — R defined by
—e, if s<-—¢
&(s) = s, if se€[—e¢g]
e, if s>e.
The function & is clearly Lipschitz continuous, thus the well-known theorem of

Marcus-Mizel implies that & ((y1 —y2)~) € WP(Z). By the chain rule for Sobolev
functions one has

DE((y1 —y2)7) = &((y1 —y2) " )D(y1 —y2) ™. (83)

Consider the test function ¢ € C}(Z) with v > 0. Then & ((y1—y2) ") € WHP(Z)N
L>(Z) and

DE(( 1)) = UDE((n — 1))+ &l — ) IDE (84)

Since y; and yo are upper solutions for problem (Py), from Definition 2.6 (a), we
have

(Aly2), & ((01 — 1)) > /Z wite((vr — y2) " Ydz

and

(A(y2), (6 — E((y1 — 32) )W) > / usle — &((01 — yo)"))bdz

Z

for some uy € L (Z) with up € 9j(z,yx(2),\) a.e. on Z, k = 1,2. Adding the
above inequalities, we obtain

(Ay1), & ((y1 — y2)7)¥) + (Ay2), (e = & ((y1 — y2) 7))
> /Z wite(vr — y2) Yz + / usle — &1 — wo) )z, (85)

Z
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Using (83) and (84), we have

(A(y1),&((y1 —y2)~
/ 1Dy 252 (Dyr, D((r — y2) N (51 — y2)~ Wiz

/ | Dys 232 (Dyr, D) x (i — 92) )z
- / | Dys I252(Dys, Dl — y2))an =
{—e<y1—y2<0}

/ | Dy [1252(Dy, Do €e(n — 42)” )iz (6)

and in a similar way
(Aly2), (e = &((y1 —y2)7))¥)
= / IDys|[B3* (Dya, D(y1 — y2))rw todz
{—e<y1—y2<0}

/ | Dyal|Z2(Dy2, D)o (& — £x((n — y2) )iz (87)

According to (86) and (87), and recalling that ¢ > 0, we obtain

(A(y1), & (1 — y2)7)Y) + (A(y2), (e — & ((y1 — y2) 7))

- / (1Dy: 752 Dys — | Dys 252 Dyr, D(ys — o)) o
{—e<y1—y2<0}
/ D91 252 (Dyr, D) € (31 — y2) ")z

/ 1 Dyal252 (Dya, Db (= — (31 — 2)”))dz

IA

/ 1Dys 252 (Dyr, D) € (31 — ) )
/ 1 Dyal 252 (Dya, Db (¢ — £ (31— ) )z (88)

We return to (85) and (88) and dividing by € > 0, we obtain

/ D1 B2 (D, DY 26 ((r — 92) )z
/ D32l (D, D) (1 = <l — 92) )i

2 /Zuléfs((yl —y2) " )pdz +/ZU2 (1 - éfs((w - yz)i)) hdz. (89)
One can observe that
1
gfe((yl —y2)7(2)) — X{y1<y2}(z) a.e.on Z ase — 0

and

X{ylzyz} =1- X{y1<y2}'
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Passing to the limit as e — 07 in (89), we obtain

/ 1Dys 232 (Dyr, Dib)g dz + / | Dya 252 (Dya, D) dz
{y1<y2} {

y12y2}

> / u1pdz —|—/ uzthdz. (90)
{y1<y2} {y12y2}

Since y = min{yy, y2} € WHP(Z), we have

| Dyi(z), foraa.ze {y1 <ya}
Dy(2) = { Dys(z), fora.a.z e {y1 > ya}.
Alsolet w =X, .., U1+ X, 5,,, U2 Thenu € L™ (Z) and u(z) € 9j(z,y(2), \) a.e.
on Z. Consequently, with these notations, (90) is equivalent to

/ | Dy|Z22(Dy, D)awd= > / wds. (91)
A 7

But ¢ € C1(Z), was arbitrary and C1(Z), is dense in Wy (Z),.. So, (91) holds for
all 1 € Wy P(Z), 1 > 0 and this implies that y = min{y;,y2} is an upper solution
for problem (Py), which concludes the proof. O
In a similar manner we can prove

Lemma 4.4. The set of lower solutions for problem (Py) is upward directed. More-
over, if z1 and zy are lower solutions for problem (Py) then max{z1,z2} is also a
lower solution for problem (Py).

Proposition 4.1. If hypotheses (Hy) hold and A € (0, X*), then there exists g =
g0(A) > 0 such that for every e € (0,0), the element x, = euy € IntK. is a strict
lower solution for problem (Py). Similarly, v. = —euy € —intK is a strict upper
solution for problem (Py).

Proof. We fix A € (0, \*). Hypothesis (Hy)(iv) implies that we can find { > Ao
and dp > 0 such that

CoxP™t < fi(z,x,)\) for a.a. z € Z and all z € [0, 5. (92)

Recall that u; € intKy and let 79 € (0,1) be small such that 0 < youi(z) < dg
for all z € Z. Let T € intK; be the strict upper solution produced in the proof of
Theorem 3.1. Using Lemma 3.3 we can find tg > &y such that t¢T —yp&ou1 € int K.
Now, we choose gy = Wofotal > 0 and fix € € (0,2¢). Let z, = eu; € intK;. It is
clear that 0 < z_(z) < §p for all z € Z. Hence

= Dpze(2) = Mz (2) PPz (2) = Mz (2) 7
< &z (2)Pt (since Ay < Ag < & and z, > 0,2, # 0)
< wu(z) ae.onZ  (see (92) and (82)) (93)

for all uw € L (Z) with u(z) € 9j(z,z.(2),\) a.e. on Z. From (93) it is clear that

. € intK is a strict lower solution for problem (Py). Evidently, T — z_ € int K.
A similar reasoning shows that 7. = —eu; € —intKy is a strict upper solution

for problem (Py). O
In the sequel, we will use the following two intervals in W, *(Z):

2,7 = {x € WyP(Z) : (2) < x(2) <T(2) ae. on Z};

[v,7] = {v e WP (Z) : v(z) <wv(z) <T(z) ae. on Z},
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where z is a fixed strict lower solution for problem (Py) (similarly, 7 is a strict upper
solution for problem (Py)), obtained in Proposition 4.1.

Proposition 4.2. If hypotheses (Hy) hold and XA € (0,\*), then problem (Py)
admits a smallest solution in [z, T] and a biggest solution in [v,T].

Proof. We deal with the existence of a smallest solution in [z, Z|; the proof concern-
ing a biggest solution in [v, 7] is similar.

Let S be the set of the solutions for problem (Py) belonging to the order interval
T, = [z,7]. Without loosing the generality, we may assume that Sy # ). Indeed,
taking into account Proposition 4.1, we may fix  so small such that zog—x € int K,
where g € intK, is a solution for problem (Py) (see Theorem 3.1). In this way,
xp € Sy. We divide the proof into three steps.

Step 1. The set Sy is downward directed.

To prove this, we fix 1,29 € S;. Then x1, x5 are both upper solutions for problem
(Py) and so by virtue of Lemma 4.3, & = min{z1, 2} € Wy"?(Z) is also an upper
solution for problem (Py). Let

Ty = [z,% = {z e Wy P(Z) : 2(2) < 2(z) < &(z) ae. on Z}.

Using standard truncation and penalization techniques, we may find Zy € T+ a
solution for problem (Py) (see Gasinski-Papageorgiou [27] and references therein).
Moreover, z¢ € int K, and

z < To < min{xy, 22} <7,

ie., Zo € Sy and so S is downward directed.

Step 2. The set Sy contains a minimal element.
Let D be a chain in S (i.e., a totally ordered subset of Sy ). By Dunford-Schwartz
[23, Corollary 7, p. 336], we can find {z,},>1 C D such that

inf x, = inf D.
n>1
We may assume that {z,},>1 is decreasing. Since {z,}n,>1 C Sy, we see that
Dz, ||, < My for some My > 0 and all n > 1.

Hence {x, }n>1 C Wy (Z) is bounded and we may assume that ,, — § in W, "*(Z)
and z, — ¢ in L"(Z) as n — oo. Since {x,, }n>1 C S+, we have

A(xy) = tp, n>1, (94)

with u, € L™ (Z), un(z) € 8j(z,2,(2),\) a.e. on Z. Hypothesis (Hj)(iii) implies
that {u,} C L' (Z) is bounded. So, we may assume that

U, — @ in L" (Z) asn — oo.

From Hu-Papageorgiou [30, p. 695] and since the multifunction  — 9j(z, z, A) has
closed graph, we have

w(z) € Jj(z,9(2),A) a.e. on Z.

In (94) we act with the test function ,, — § € Wy"?(Z) obtaining

(A(zp), T — ) = /Zun(a:n —g)dz — 0. (95)
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Invoking Lemma 3.5, from (95), we infer that x,, — ¢ in Wy"?(Z). So, if in (94) we
pass to the limit as n — oo, we obtain

A(g) =

with @ € L™ (Z), i(z) € 8j(z,9(2), A) a.e. on Z. Hence § € Sy and § = inf D, i.e., §
is a lower bound of D. Since D C S, was fixed arbitrarily, invoking Zorn’s lemma,
we obtain a minimal element x, € Sy of the set S,.
Step 3. The minimal element x. € Sy is the smallest element of S, .

Suppose the contrary, i.e., there exists an element z, € S; such that z, £ z,.
Since Sy is downward directed (Step 1), there exists x € S+ such that = < z, and
x < z,. Since z, is a minimal element of S; (Step 2), we have necessarily © = .,
S0, . < z,. But this contradicts z. € z,. This concludes our proof. O

Proposition 4.3. If hypotheses (Hy) hold and A € (0, \*), then problem (Py) has a
smallest positive solution y4 € int K4 and a biggest negative solution y_ € —intK .

Proof. As before, we deal only with existence of the smallest positive solution
y4 € int K4 ; the other part goes in a similar way.

Let z, = epuy with e, — 07 and set T} = [z,,,T]|. Using Proposition 4.2 we
may fix x}, € T} as the smallest solution for problem (Py) in the order interval T7}.
Recall that {z*},>1 C Wy?(Z) is bounded and so we may assume that

zh —yy in WyP(Z) and o — y, in LP(Z) as n — oo.

We have

A(zy) =up, n=1, (96)
with u € L™ (Z), uX(z) € 8j(z,2%(2), \) a.e. on Z. In (96) we act with the test
function x;, — y+ and as before, passing to the limit as n — oo and using Lemma
3.5, we have

ot —yy in WP(Z) asn — oc.
We divide the proof into three steps.

Step 1. y4 # 0.

Suppose that y; = 0. Then ||z%]| — 0 as n — oo. Since z¥ # 0, we may set
- o> 1. B ing t itable sub if

wp = [, n = 1. By passing to a suitable subsequence if necessary, we may

assume that
w, —w in Wy P(Z) and w, — w in LP(Z) as n — oo.

From (96), we have

*

u

A(wy) = W, n>1. (97)
First, we show that the sequence {#} . c L (Z) is bounded. Hypothesis
(Hy)(iv) implies that we can find § > 0 such that
u .
nﬁmﬁn@)ﬂ% (98)

for a.a. z € Z,0 < |z| <4, all u € 9j(z, 2, ) (see relation (82)) with n > As.
Moreover, due to hypothesis (H)(iii), we have

< (S8 ) ol (99
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for a.a. z € Z, all |z| > ¢ and all u € 9j(z,x, A). Combining (98) and (99), we have
Jul < exo(jalP™" + J27)
for a.a. z € Z, all x € R, all u € 9j(z,z, A), with ¢19 > 0. Hence

|u (7))

ez )P~

IN

c10 (14 |23,(2)["77) [wn (2)[P7

IN

cin|wn (2)|P7 = criw, (2)P1

a.e. on Z, with ¢;; > 0 (recall that 0 < z < T). Consequently, the sequence is
{L} is bounded in L? (Z).
n>1

EA
Now, acting with the test function w,, —w in (97), passing to the limit as n — oo
and using Lemma 3.5, we obtain w, — w in VVO1 P(Z). In particular, we have that
w >0 and |Jw| = 1.
Since the sequence Hmu%} - Lp/(Z ) is bounded, we may assume that
n n>1

*

:”*“%49 in L (Z) as n — oo. (100)
I"l

On

From the above facts we deduce that
0(z) =0 a.e. on {w=0}. (101)

Now, we are interested on the behaviour of 6 on the set {w > 0}. To do this, for
given € > 0 and n > 1, we introduce the set

*

Uy, R

3,(2)
Recall that ||z || — 0 and, so, at least for a subsequence, we have z7(z) — 0T a.e.
on {w > 0}. By virtue of hypothesis (H)(iv) we have

E_’f_:{zeZ:n—ag

Xy (2) =1 ae. on {w>0}
By the dominated convergence theorem we have

— 0
L?’ ({w>0})

u*
1— _Un
‘( Xey) Tyl

as n — o0o. Therefore, from (100) it follows that

U* ’
. n . 1 P
Xy T[T 0 in LP ({w > 0}).
From the definition of the set E', we have

*

2y ()Pl = z z

< Xy (2)(7(2) + e)wn (2)P~ a.e. on {w > 0}.

IN

Xy (20— ) (27

Taking weak limits in L? ({w > 0}), using Mazur’s lemma and letting ¢ — 0T, we
obtain

nw(z)P~1 < 0(z) < H(2)w(z)P~ ae. on {w > 0}. (102)
Consequently, from (102) and (101), we infer that

0(z) = (z)w(z)P"" ae. on Z, (103)
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with £ € L®(Z)4, n < £(2) < A(z) a.e. on Z. We pass to the limit as n — oo in
(97) and due to (103), we obtain

A(w) = wP™ L.

Hence, we have that

{ —Npw(z) = E(2)w(z)P"!  ae. on Z,

wlgz =0, w > 0. (104)

Note that Ay (€) < A1(A2) < A1 (A1) = 1 and so from (104), we see that w € C}(Z)
(nonlinear regularity theory) must be 0. But we know that |jw|| = 1, so we have a
contradiction. This proves that we cannot have y. = 0, i.e., y+ >0, y+ # 0.

Step 2. y4+ € intK .
A similar argument as in Proposition 4.2 (Step 2) shows that

Aly+) = uy (105)

with uy € L (Z), uy (2) € 9j(z,y4(2), \) a.e. on Z. Consequently, from (105) we
have
{ —Apy+(2) =uq(z) ae on Z,
Y+loz = 0.

Then y; € K. \ {0} (nonlinear regularity theory) and by virtue of hypothesis
(Hy)(vi) we have uy(z) > 0 a.e. on Z. So Apy4(z) < 0 a.e. on Z. Invoking the
strong maximum principle of Vazquez [43], we conclude that y, € intK .

Step 3. y4 is the smallest positive solution for problem (Py).
Let us assume that g is a nontrivial positive solution with § < T. As before, via the
sign changing condition (hypothesis (Hy)(vi)) and the strong maximum principle,
we check that § € int K. Then Lemma 3.3 implies that we can find €9 > 0 small
such that eqgu; < . Consequently, for large n > 1, we have e,uy < gqu; < § < 7.
This fact implies that ¢ is a solution for problem (Py) in the ordered interval T77.
On the other hand, x}; is the smallest solution for problem (Py) in T'?. Thus, z;; < g
for enough large n > 1. Passing to the limit, we have y; < ¢, i.e., y4 is indeed the
smallest positive solution for problem (Py).

In a similar way, working on 7" = [v,7,]| with T, = &,(—u1), we obtain y_ €

—intK,, the biggest negative solution for problem (Py). In this case, if we denote
o

by v¥ the biggest solution for the problem (Py) in T, instead of w, = T and
E”, we have to work with @, = ||ZZ‘|| and
E":{zeZ: n—5<u—z<ﬁ(z)+€}
- = o (2)P2un(2) T

respectively, where u* = A(v¥) with u* € L™ (Z), u(z) € 8j(z,v*(2),\) a.e. on

n

Z. O

Remark 6. In order to prove Propositions 4.1 and 4.3, in hypothesis (Hy)(iv) it
is enough to have the first eigenvalue \; instead of \o. However, the presence of Ao
in (Hy)(iv) is crucial in the proof of the main results (Theorems 4.1 and 4.2), see
below.

Proof of Theorem j.1. Fix X € (0,\*). From Theorem 3.1 we already have two
solutions xg = zo(A\) € intK 4 and vy = vo(\) € —int K.
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Now, let y+ € int K} be the smallest positive solution and y_ € int Ky the biggest
negative solution for problem (Py) obtained in Proposition 4.3. We have

Aly+) = uzx (106)

with ux € L™ (Z), us(z) € 8j(z,y=(z),\) a.e. on Z. Then, we introduce the
modifications of the discontinuous nonlinearity f as follows:

0, it <0
er(ZaIa/\): f(Z,ZE,/\), if 0§x§y+(2)
u4(2), if yi(z) <u,
u_(2), if z<y_(2)
f-(z,z, ) =< flz,z,N), if y_(2)<z<0
0, it 0<uz,
and
R u_(z), it z<y_(2)
f(Z,,’E,/\): f(Z,I,/\), if y,(z)SxSer(z)
uy(2), if 7,(2) <.

Using these functions, we introduce the corresponding potentials, defined by

ji(z,x,)\):/o f+(z,8,\)ds and j(z,x,)\):/o f(z,s,)\)ds.

Finally, using these potentials we introduce the corresponding locally Lipschitz Eu-
ler functionals defined on Wy?(Z) :

1 .
pa(e,N) = 5 |Dal; - / ji(z2(2), \)dz
A

and

D *1 z||P — z.x(z z
PN = S|1Dalf //(’ (2).\)d

for all 2 € Wy'P(Z) and all A € (0, ).
We also introduce the following order intervals in WO1 P(Z)

Ji = [Ouyi]u and j = [y—7y+]'

We divide the proof into four steps.

Step 1. The critical points of o4 (-, \) are in Jy. Similarly, the critical points of
(-, \) are in J.
We show this for ¢ (-, ), the proof for ¢_(-,\) and &(-, \) being similar. So, let
x € WyP(Z) be a critical point of ¢ (-, \), i.e., 0 € dp, (x,A). Then

Alx) =u (107)

with u € L™ (Z), u(z) € 8j4(z x(2),\) a.e. on Z. Acting with the test function
(z —yy)t € WyP(Z) in (107) we obtain

(A(2), (- yp)") = /Z w(w—yi)tde

= / u(z —yy)dz
{z>y1}

/ uy(r —yi)tdz (recall the definition of f,)
z

— (A(ys), (@ —ya)T) (see (106)).
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Consequently, (A(z) — A(y+), (x — y4+)) = 0. Thus,
| (1Delz2De | Dyl Dys. Do — Dy sz =0,
{z>y+}

Due to strict monotonicity, we should have [{z > y1}|n =0, i.e., 2 < y4.

Now, acting with the test function =~ in (107) we have (A(z),z~) = 0, due to
the definition of f,. Therefore, = =0, i.e., x > 0.

Step 2. The set of critical points of ¢4 (-, A) is {0,y+}.
Again, we deal only with ¢ (-, ). Assume the contrary, i.e., there exists a critical
point y of ¢ (-, A) different of 0 and y. Using Step 1, the element y belongs to
J+ = [0,y4+]. In particular, by (Hy)(vi) and the strong maximum principle, y is
a positive solution for (Py). But this contradicts the fact that yy is the smallest
positive solution for (Py).

Step 3. The elements y4 and y_ are local minimizers of ¢(-, \).
Because of hypothesis (H)(iv) and relation (82) we can find 6 > 0 small such that

AoxP™t <u foraa. ze€Z all0 <z <¢§andall u € 9j(z,z,\). (108)
We choose € > 0 small such that
euy(z) < min{y, (2),6} for all z € Z. (109)
Using (108), (109), (82) and recalling the definition of ji, we have
eu(z) Ao
Ji(z,eur(z),\) = / f(z,8,N)ds > ?apul(z)p (110)
0
a.e. on Z and all A € (0,\*). Hence
eP )
prlen ) = SIDul - [ jien () Nz
z
p
< % (M1 — Ao)ua (2)Pdz < 0 (see (110)).
z
Consequently,
inf o (- A) < 0 = 04 (0, ). (111)

From hypothesis (Hy)(ii7) and the definition of j; (2, x, A), for some a € L*(Z),
we have

|7+ (z,2,N)| < a(z)|xz| fora.a.ze€ Z, allz € R and all A € (0, \"). (112)

From (112) and Poincaré’s inequality we deduce that the functional ¢ (-, \) is
coercive. It is easy to see that ¢4 (-, \) is sequentially weakly lower semicontinuous
on Wy (Z). Thus, we can find y) € Wy'*(Z) a minimizer of ¢ (-, A). We have

(L, A) <0=0(0,)) (see (111)),

ie, yl #0.

Since 3y is a nonzero critical point of ¢ (-, A), on account of Step 2, we must
have y?r = y+. On the other hand, since y; € intK, we see that y; = y?r is a local
minimizer of ¢, (-, ) in the CZ(Z)-topology, and on a small C}(Z)-neighborhood
of y = yY the function ¢ (-, \) coincides with (-, A), see the definitions of f
and f. Therefore, Y+ is a local minimizer of 4(+, \) in the C&(Z)-topology. Hence,
invoking again the result of Kyritsi-Papageorgiou [32, Proposition 3], y is also a
local WO1 P (Z)-minimizer of $(-, A). The same property holds for y_, which concludes
the proof of Step 3.
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Step 4. There exists a critical point yo of (-, N), different from 0 and y+. In
particular, yo is a nodal solution for problem (Py).
We may assume that y; and y_ are isolated critical points (actually, minimizers) of
&(+, A). Indeed, let us assume the contrary for y, (a similar argument works clearly
for y_). So, let {zn}n>1 C Wy(Z) be such that z, ¢ {0,y,,y_} for all n > 1,
Zn — Yy in WP (Z) and 0 € dp(xp, A) for all n > 1. Due to Step 1, x,, € J for all
n > 1. Moreover, x,, should be nodal for all n > 1. Otherwise, let z,, > 0. By the
strong maximum principle, we have x,, € int K, and by the definition of f , Tpy 1S
a positive solution for (Py). Since 2, < y4, and x,, # y+, we have a contradiction
to the fact that y, is the smallest positive solution for problem (Py). Therefore, in
this way we produced a whole sequence of distinct nodal solutions for problem (Py)
and Theorem 4.1 is proved.

Assume without loosing the generality that ¢(y—,\) < @(y4+, A). Arguing exactly
as we did in the proof of Proposition 3.2 (see (47)-(54), and note that the hypothesis
2 < p was not used there), we may choose p > 0 small enough that

G(y+,A) <inf{p(z,A) : x € 9B, (y1)} <0,
where OB, (y1) = {x € Wy’ (Z) : ||z — y+| = p}. Now, we consider the sets
D= aBP(y-l‘)u J = [y—7y+]7 and JO = {y—7y+}'

Clearly, {Jo, J} is linking with D in Wy"?(Z) (see Definition 2.1). Moreover, (-, \)
is coercive and from this it follows easily that (-, \) satisfies the nonsmooth PS-
condition. So, we can apply Theorem 2.2 and obtain a critical point yo of (-, \)
such that

P(y—, A) < (Y4, A) < @(yo, A) = inf max @(F(1), ), (113)
veT te[—1,1]

where

T={7eC(-L1,Wy"(2)) : 7(=1) = y—,7(1) = y4.}.
It is clear from (113) that yo # y+, while from Step 1, we have yo € J. In particular,
due to the definition of f , the element gy is a solution for problem (Py).

It remains to prove that yo # 0; in this way, yo is a nodal solution for problem
(Py), since it is located between y_ and yy, and yo # y+. To this end, it is enough
to show that ¢(yo, A) < 0 = (0, A). This will be achieved once we produce a path
¥, € T such that

G(Fo(t),N) <0 forall te[-1,1].

In what follows, we construct such a path 5, € T'. First, because of hypothesis

(Hy)(iv) we can find d¢9 > 0 such that

fi(z, 2, \)

A2 + 0o <
2% |x|P—2x

fora.az € Z, all 0 < |z| < do. (114)

By Rademacher’s theorem, d%j(z, x,\) exists for a.a. z € Z and all € R. More-
over, -Lj(z,z,A) € 9j(z,x,\) = [fi(z,2, ), fu(z, 2, \)]. So, integrating in (114), we

obtain

1
—(A2 +d0)|z|” < j(z,2,A) for a.az e Z and all 0 < |z| < dp. (115)
p

Let 0BX"%) = (¢ € LP(Z) : ||z|, = 1} and U = W2P(Z) N 0BE"? endowed
with relative VVO1 "P(Z)-topology. Also let U, = UNCA(Z) equipped with the relative
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C§(Z)-topology. Recall that Ty = {yo € C([=1,1,U) : y0(—=1) = —u1,70(1) =
u1}, see (3). Also, let
Ty, = {0 € C([-1,1,U;) : 70(=1) = —u1,70(1) = u1 }.
The density of U, in U (for the Wol’p(Z)-topology) implies the density of 'y, in I'y
(for the C([—1,1],U)-topology). Due to (3), we can find 4 € I'y, such that
max{||Dz||} : x € J0([-1,1])} < A2 + do, (116)

do > 0 being from (114). Since 4y € C([-1,1],U.) and —y_,y+ € intKy, we can
find € > 0 small such that

elz(2)] < 8o forall z € Z, all x € 49([-1,1])
and
ex € [y—,yy] forall z € Ao([—1,1]).
If © € 4%([-1,1]), then

Plex, N) = pa(ex)
P
= Zypafp - / J(zex(2), Nz
p Z

eP eP
?IIDﬂfII? - ?(Az +0o)[lzll;  (see (115))
< 0 (see (116) and recall that |z||, = 1).
So, if we consider the continuous path vy = %o joining —ewu; and eu;, we have
S5 A)]4e < 0. (117)

Now, we will produce a continuous path joining eu; and y; along which the
functional @(-, A) is also strictly negative. Due to Step 2, we know that the set of
critical points of ¢ (-, A) is {0,y }. We will apply Theorem 2.5 for the functional
v+ (-, A), by choosing

ay = @4 (y4,A) =inf i (,A) <0 and by =@ (0,A) =0.
Since ¢4 (-, A) is coercive, it satisfies the nonsmooth PS-condition. It is clear
that K,, = {y+}. Moreover, since y; is a local minimizer of (the continuous
function) ¢4 (-, \), then the weak slope of ¢ (-,\) at the point y; should be 0,
e, [dot (-, AN)|(y+) = 0. Thus, y+ € Kg7°. Consequently, Ko, = Ki° = {y+},
and one can find a deformation h : [0,1] X ¢4 (-, A)<0* — @i (-,\)<P+ of the set
o (NP = {z e Wy P(Z) : po(x,\) < by =0} such that
(a) A(t, )|k, =id|k,, forallte[0,1];
(b) B(L s (, ) <04) € i (-, ) <0+ U Kay;
(¢) p+(h ( z), ) < @i (z,A) for all t € [0,1] and all x € (-, )<+,
Now, we define the path

v4+(t) = h(t,euq) forallt € [0,1].
First of all, 7, is well-defined. Indeed, cu; € @, (-, \)<b+, since o, (cui,\) =
Pleur, A) < 0, see (117). Clearly, v+ is a continuous path and

e 7:(0) = h(0,euy) = euy (since h is a deformation, see Definition 2.4);
® v4(1) = h(L,eur) = y4 (note that @y (-, A)<** =0 and Ko, ={ys});
o o (74+(8),N) = o1 (h(t,eur),N) < py(eug, N) <0 for all ¢ € [0,1].
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In this way, we produced a continuous path v joining eu; and y4 such that

1 (A <0.
On the other hand, taking into account the definition of the functions f,, j;+ and
using hypothesis (Hy)(vi) (sign condition), a simple computation shows that
(N < @i (x,\) for all z € W, P(Z).

Therefore,

2N, <0. (118)
In a similar fashion, we can produce a continuous path y_ joining —eu; and y_
such that

PN <0 (119)

Concatinating the paths v_, 7o, 74, we obtain a continuous path 7, € T’ and due
to (117), (118) and (119), we have

@('7 )\)|70 < 0

From (113) it follows that @(yo, A) < 0 = ¢(0, ), thus, yo # 0.
Therefore, we have a nontrivial nodal solution for problem (Py) and by nonlinear

regular theory, we have yo € C}(Z). ]

Proof of Theorem 4.2. We combine the proof of Theorems 3.2 and 4.1,

respectively. g
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